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Abstract

Recentprogressin acquiringshapefrom rangedatapermitsthe acquisitionof seamless

million-polygonmeshesfrom physicalmodels.While densepolygonmeshesareanade-

quaterepresentationfor someapplications,many usersprefersmoothsurfacerepresenta-

tionsfor reasonsof compactness,control,manufacturability, or appearance.In this thesis,

we presentalgorithmsandan end-to-endsoftwaresystemfor converting denseirregular

polygonmeshesof arbitrarytopologyinto tensorproductB-splinesurfacepatcheswith ac-

companying displacementmaps.Thischoiceof representationyieldsacoarsebut efficient

modelsuitablefor interactive modificationandanimationanda fine but moreexpensive

modelsuitablefor rendering.

Thefirst stepin ourprocessconsistsof interactively paintingpatchboundariesontothe

polygonalsurface.In many applications,theplacementof patchboundariesis considered

partof thecreative processandis not amenableto automation.We presentefficient tech-

niquesfor representing,creatingandeditingsurfacecurvesondensepolygonalsurfaces.

Thesecondstepin ourprocessconsistsof findingagriddedresamplingof eachbounded

sectionof the mesh.Our resamplingalgorithmlaysa grid of springsacrossthe polygon

mesh,theniteratesbetweenrelaxingthis grid andsubdividing it. This grid providesa pa-

rameterizationfor themeshsection,which is initially unparameterized.Ourparameteriza-

tionalgorithmis automatic,efficient,androbust,evenfor verycomplex polygonalsurfaces.

Prior algorithmshave lacked oneor moreof theseproperties,makingthemunusablefor

densemeshes.Our parameterizationstrategy alsoprovidesthe usera flexible methodto

designparameterizations- anability thatpreviousliteraturein surfaceapproximationdoes

notaddress.

Thethird andfinal stepof our processconsistsof fitting a hybrid of B-splinesurfaces

v



anddisplacementmapsto our griddedre-sampling.This fitting methodreproduceswith

highfidelity thegeometryof theoriginalpolygonmesh.Thedisplacementmapis animage

representationof theerrorbetweenthefitted B-splinesurfacesandour springgrid. Since

displacementmapsarejust imagesour hybrid representationfacilitatesthe useof image

processingoperatorsfor manipulatingthe geometricdetail of an object. They are also

compatiblewith modernphoto-realisticrenderingsystems.

The resamplingandfitting stepsof our processare fastenoughto surfacea million

polygonmeshin under10minutes- importantfor aninteractivesystem.
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Chapter 1

Intr oduction

Advancesin rangeimageacquisitionandintegrationallow usto computegeometricalmod-

elsfrom complex physicalmodels[Curless& Levoy 1996,Turk & Levoy 1994].Theout-

put of thesetechnologiesis a dense,seamless(i.e. manifold) irregular polygonmeshof

arbitrarytopology. For example,the model in figure 1.1, generatedfrom 75 scansof an

actionfigureusinga Cyberwarelaserrangescanner, contains350,000polygons.Models

like this offer new opportunitiesto modelersandanimatorsin theCAD andentertainment

industries.

Densepolygon meshes,suchas the one shown in the figure, are an adequaterep-

resentationfor someapplicationssuchas stereolithographicmanufacturing [Curless&

Levoy 1996]or computerrenderings.However, usersin a numberof applicationdomains

prefersmoothsurfacerepresentationsover irregularpolygonmeshes.By smoothsurfaces

wemeansurfacesthathaveanunderlying,higherordermathematicalstructuresuchasthe

existenceof a globalanalyticalderivative. In contrastto smoothsurfacerepresentations,

polygonalmeshesarejustasetof connectedplanarfacets;they donotpossesananalytical

derivative.

Smoothsurfacerepresentationsoffer useful advantagesover an irregular polygonal

meshrepresentation.Someof theseadvantagesare:

� Smoothappearance:Severalapplicationssuchasconsumerproductdesignrequire

for aestheticreasonsthat3-D surfacemodelspossessa smoothappearance.Polyg-

onal meshescannotbe usedin theseapplicationsbecausethey may appearfaceted

1



CHAPTER1. INTRODUCTION 2

(a) (b)

Figure 1.1. An exampleof a densepolygon mesh. (a) shows a polygonalmeshof an
Armadillo model that is composedof over 350,000polygons. The meshwascreatedby
integratingabout75 rangeimages(taken with a Cyberwarelaserrangescanner)usingthe
techniquesof Curlesset al. Notethefine surfacedetailpresentin thepolygonalmesh.(b)
showsablow-upof asmallregionof theArmadillo’s leg. Noticethedensityof thepolygons
and the irregular structureof the mesh. Note also that the meshis a piecewise constant
reconstructioni.e. it is composedof flat triangularfacets.

(unlessthepolygonsaremadeextremelysmall,which increasestheexpenseof pro-

cessingandstoringthemodel).

� Compactrepresentation:A smoothsurfacerepresentationcanusuallyrepresentcom-

plex surfaceshapesmoreefficiently thanpolygonalmeshes.

� Flexible control: Smoothsurfacerepresentationsusuallyoffer aneasierinterfaceto

design,controlandmodify surfacegeometryandtexture.

� Mathematicaldifferentiability: Several applicationsusecomputationalprocedures

thatrequirethesurfaceto beeverywheredifferentiableor curvaturecontinuous(e.g.

finite elementanalysis). For suchapplications,polygonalmeshescannotbe used

becausethey aremerelypiecewiselinearsurfaces.

� Manufacturability: SomemanufacturingproceduressuchasCNC milling requirea

smoothsurfacerepresentationto createhighquality results.
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� Hierarchicalmodeling: Creatingmanipulablehierarchiesfrom smoothsurfacesis

a significantly simpler task than doing the samewith dense,irregular, polygonal

meshes.

Examplesof smoothsurfacesincludeparametricrepresentationssuchasNURBS,B-spline

andBeziersurfaces,implicit representationssuchasspheresandcylinders,algebraicrep-

resentationsbasedon explicit equations,andso on. To satisfyusersthat prefersmooth

surfacerepresentations,techniquesareneededfor fitting smoothsurfacesto densepolygo-

nalmeshes.

A notablepropertyof our densepolygonalmeshesis thefine surfacedetailpresentin

the data(seefor examplethe model in figure 1.1). This is due to both the accuracy of

new digitizing techniquesaswell asthe ability of newer integrationtechniques[Curless

& Levoy 1996,Turk & Levoy 1994] to retain this fine detail in the polygon meshre-

construction.Whatever fitting techniquewe employ shouldstrive to retainthis fine detail.

Surprisingly, aunifiedsurfacerepresentationmaynotbethebestapproach.First,theheavy

machineryof mostsmoothsurfacerepresentations(for exampleB-splinesurfaces)makes

theman inefficient way to representfine geometricdetail. Secondandperhapsmoreim-

portant,althoughgeometricdetailis usefulat therenderingstageof anapplication(e.g.for

animationandgameapplications),it maynot beof interestto themodeler. Moreover, its

presencemaydegradethetimeor memoryperformanceof themodelingsystem.For these

reasons,we believe it is advantageousto separatethe representationsof coarsegeometry

andfinesurfacedetail.

Within thisframework,wemaychoosefrom amongmany representationsfor thesetwo

components.For representingcoarsegeometry, modelersin the entertainmentandCAD

industryhave long usedNURBS [Farin 1990] and in particularuniform tensorproduct

B-splinepatches.In orderto addresstheir needswe have chosenuniform tensorproduct

B-splinesasour smoothsurfacerepresentation.Following a standardpracticein industry,

our smoothsurfacemodelsconsistof a network of tensorproductB-splinepatchesthat

arestitchedtogetherat the patchboundarycurves. For mostapplications,the placement

of thesepatchboundarycurvesis partof thecreative processandnot easilyautomatable.

Therefore,in oursolutiontheuserspecifiesthepatchboundaries.

For representingsurfacedetail, we proposeusingdisplacementmaps. The principal
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advantageof this representationis thatdisplacementmapsareessentiallyimages.As such,

they canbe processed,retouched,compressed,andotherwisemanipulatedusingsimple

imageprocessingtools.Someof theeffectsshown in chapter7 wereachievedusingAdobe

Photoshop,acommercialphotoretouchingprogram.

In this thesiswepresentalgorithmsto fit ahybridof smoothsurfacesanddisplacement

mapsto densepolygonalmeshes.Oursurfacefitting algorithmsareefficientandhavebeen

usedtocreatesmoothsurfacesatahighercomplexity andqualitythanpreviousapproaches.

Furthermore,the hybrid surfacerepresentationof B-splinesanddisplacementmapsis a

flexible oneandassuchallows for editingoperationsthatwould behardto duplicatewith

existing unifiedsmoothsurfacerepresentations.We have alsoimplementedanend-to-end

surfacefitting softwaresystembasedon the algorithmsdevelopedin this thesis. In our

discussionswe will oftendraw on our softwaresystemto explainseveralpracticalaspects

of oursolution.

In thefollowing section,we describesomeof theusesandapplicationsof solvingthe

surfacefitting problemdescribedabove(section1.1).Next, in section1.2weanalyzesome

importantcharacteristicsof ourspecificsurfacefitting problem.In section1.3wedescribe

our surfacefitting pipeline. In section1.4we list theprincipalcontributionsof this thesis.

Finally, weendthischapterwith anoutlineof therestof this thesis.

1.1 Applications

Algorithmsandpracticaltools for convertingdensepolygonalmeshesto smoothsurfaces

have applicationsin a numberof fields includingentertainment,industrialdesign,reverse

engineering,theweb,medicine,andmanufacturing.

1.1.1 Entertainment

Threedimensionalmodelsin movies,gamesandbroadcasttelevisionprogramsusesmooth

surfacesor structuredpolygonalmeshes(which areeasilyderivedfrom smoothsurfaces).

Artists in thisdomainoftensculptphysicalmaquettesof intended3-D computermodelsto

definetheuniquecharacteristicsof themodelandto geta betterintuition for themodel’s
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shape.Currentpracticein this industryconsistsof employing touchprobesandsimilar

manualtechniquesto input thesemodelsinto the computer. Not surprisingly, thesepro-

cessesaretediousandtime-consuming.For thesedomains,the ability to createsmooth

surfacemodelsfrom laserscannedphysicalobjectsoffersaquickandpowerful alternative

for modelcreation.

1.1.2 Industrial design

Designersin theindustrialdesigncommunityuseparametricsurfaces(almostexclusively)

tocreatetheexteriorskinof consumerproductssuchasaudiospeakersandperfumebottles.

A large subsetof this communityconsistsof car styling applications.In this case,both

the interior andexterior of carsareoften built asphysicalmockups.Subsequently, time

consumingprocessessuchastouchprobingareusedto createcomputermodelsfrom the

physicalmockups. In theseand similar domains,the ability to createcomplex smooth

surfacemodelsfrom physicalmodelshasthepotentialof cuttingdesigntimeandpermitting

thecreationof modelsof agreatercomplexity thanis possibleusingcurrentmethods.

1.1.3 Reverseengineeringand inspection

Techniquesthatconvert scanneddatato smoothsurfaceshave obviousapplicationsin re-

verseengineering. Specificexamplesinclude verifying the dimensionsof partsagainst

existingcomputermodelsandcreatingcomputermodelsof partsfor whichnosuchmodels

yet exist. Interestingly, thelaserscanningof objectsis becomingincreasinglycommonin

this domain.Unfortunately, existing softwaretools thatprocessthe resultingdatatendto

have limited functionalityandareusuallymanuallyintensive(seechapter2 for details).

1.1.4 Medicine

In the medicalindustry, ComputerTomography(CT) andMagneticResonanceImaging

(MRI) technologiesarecurrentlyusedto createbothvolumesanddensepolygonalmeshes

from sequencesof cross-sectionaldata.Thesecomputermodelsareemployedmainly for

visualizationanddiagnosispurposes.To enabletheuseof thesemodelsfor awiderrangeof
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applications,suchasthefinite elementanalysisof bonestructureor soft tissuedeformation

analysis,they mustbeconvertedto smoothsurfacerepresentations.

1.1.5 Manufacturing

CertainmanufacturingtechnologiessuchasCNC milling requiresmoothsurfacedescrip-

tions in orderto producehigh quality output. Thesetechnologiesarewidely usedin in-

dustriessuchas manufacturingof car body exteriors,mechanicalparts,toys, consumer

goodsetc. Theability to convert densepolygonalmodelsto smoothsurfacespermitsthe

manufactureof theseobjectsusingthesesophisticatedmanufacturingtechnologies.

1.2 Problemcharacteristics

Beforewe discussour surfacefitting solution in greaterdetail, it is instructive to exam-

ine somecharacteristicsof our applicationsandof our input data. Thesecharacteristics

have significantimplicationsfor any surfacefitting solution. Surprisinglymany existing

solutionsto surfacefitting problemsoverlookoneor moreof thesecharacteristicsandasa

resultuseinefficientalgorithmsor producepooror simplyun-usablesmoothsurfaces.

1.2.1 Application characteristics

A significantcharacteristicof our surfacefitting applicationsis: there is usually a non-

automatable,creative componentintrinsic to the processof smoothsurfacecreation.

An exampleof anon-automatablecomponentof thesurfacefitting process(whenparamet-

ric surfacesareused)is theplacementof patchboundarycurves. This non-automatibility

hasthreeimplicationsfor any surfacefitting solution:

� First,a completelyautomatedsurfacefitting algorithmis not acceptable.

� Second,a goodsolutionshouldprovide efficient and intuitive tools to the userto

provide thecreative input.

� Third,agoodsolutionshouldprovidereal-timefeedbackateverystageof thesurface

fitting processto providetheuserasmuchcontrolasis neededoverthefinal solution.
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1.2.2 Input data characteristics

Four importantcharacteristicsof our inputdataare:

1. The input data is of known topology. Thefactthatthedatasetis apolygonalmesh

ratherthanjust a cloudof pointsimpliesthata surfacedescriptionalreadyexistsfor

the dataseti.e. the datasetis of known topology. Any algorithmsandprocedures

we developshouldstrive to usethis existing topologicalinformationin the smooth

surfacecreationprocess.Several commercialandresearchsystems(enumeratedin

section2.3) work exclusively with point clouds. Whenpresentedwith polygonal

meshessuchsystemschooseto discardtheconnectivity informationprovidedby the

polygonalmeshand convert the input onceagainto point clouds. This approach

tendsto beinefficientandcompromisesthequalityof theresultingsmoothsurfaces.

2. The input data hasarbitrary topology. This impliesthatit is not possibleto solve

our surfacefitting problemusingalgorithmsthatwork on heightfieldsor objectsof

otherwiserestrictedtopology. While thereis anextensiveliteratureonfitting surfaces

to objectsof restrictedtopology, thesetechniquesarenotgeneralenoughto work on

arbitrarytopologydataandarethereforenotapplicableto ourproblem.

3. The input data is dense. This impliesthatour algorithmsmustbeefficient if they

areto providea practicalsurfacefitting solution.Severaltechniquesin theliterature

arepracticalonly onsmallpolygonalmeshes.Suchtechniquesarenot applicableto

ourproblem.

4. The input data possessesfine geometricdetail. This impliesthatoursurfacefitting

algorithmsmustbecapableof capturingthis finesurfacedetail.Severalfitting algo-

rithms in the literatureproduceexcessively smoothedout results. Suchalgorithms

have traditionallybeenusedfor approximatingnoisy(or un-reliable)input data(see

chapter2 for a discussionof relatedwork). While it is appropriateto usesuchalgo-

rithms for approximatingnoisy data,they arenot acceptablefor our surfacefitting

problem.
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1.3 Surfacefitting pipeline

We have incorporatedthe insightsfrom thepreceedingdiscussioninto our surfacefitting

solution.In thefollowing discussion,wepresentanoverview of oursolutionin theform of

asurfacefitting pipelinewhichacceptsasits inputadensepolygonmeshandcreatesasits

outputahybridof B-splinesurfacespatchesandassociateddisplacementmaps.Figure1.2

showsoursurfacefitting pipeline.Thestepsareasfollows:

1. Interactive boundarycurve painting, whereina modelerdefinesthe boundariesof

a numberof patches.This is accomplishedwith tools that allow the paintingand

editing of curvesdirectly on the surfaceof the unparameterizedpolygonalmodel.

Our toolsemploy bothtraditionalspacecurve basededitingparadigms(e.g. editing

with aB-splinespacecurve)aswell asnovel surfacecurvebasededitingparadigms.

For surfacecurve basedediting we proposethe useof surfacesnakes: a surface

curve formulationfor denseunparameterizedpolygonalmeshes.The connectivity

of thepolygonmeshallows theuseof local graphsearchalgorithmsto make curve

paintingandeditingoperationsrapid.Thispropertyis usefulwhenamodelerwishes

to experimentwith differentboundarycurveconfigurationsfor thesamemodel.Each

region of themeshthata B-splinesurfacemustbefit to is calleda polygonalpatch.

Sincepatchboundarieshave beenplacedfor artistic reasons,polygonalpatchesare

not constrainedto beheightfields. Our only assumptionsaboutthemarethateach

is a rectangularlyparameterizablepieceof the surfacewithout holes. In this step,

theusercanalso(optionally)specifyoneor morefeaturecurvesperpolygonalpatch

(seestep2 below). Theseareto serveasconstraintsto thesecond(parameterization)

stageof ourpipeline.

2. Generatea griddedresamplingfor eachpolygonalpatch. This is accomplishedby

anautomaticcoarse-to-fineresamplingof thepatch,producinga regulargrid that is

constrainedto lie on the polygonalsurface. We call this grid the spring mesh. Its

purposeis to establisha parameterizationfor theunparameterizedpolygonalpatch.

Our resamplingalgorithmis a combinationof relaxationandsubdivision stepsthat

iteratively refinethespringmeshat a givenresolutionto obtaina bettersamplingof
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Physical model

Dense, irregular
polygon mesh�

Polygonal patches

Per patch spring
meshes

Set of stitched B−spline 
control meshes

Set of associated 
displacement maps

Scan and integrate

Paint boundary 
curves

Automatically resample
into regular grid

Fit surfaces and stitch

Paint feature 
curves

Figure1.2. Oursurfacefitting pipeline.Theinputto oursystemis adenseirregularpolygon
mesh. In the first step,boundarycurves for the desiredsplinepatchesarepaintedon the
surfaceof the unparameterizedpolygonalmodel. Thesecurvescanbe editedeitherwith
spacecurvesbasedtoolsor with surfacesnake basedtools. Theoutputof this stepis a set
of boundedmeshregionsthatwe call polygonalpatches. Next, we performanautomated
resamplingof this polygonalpatchto form a regular grid that lies on the surfaceof the
polygonalpatch. We call this regular grid a spring mesh. The usercan supply a set of
constraintscalledfeature curvesto furtherguidethestructureof thespringmesh.Feature
curvesmaybeeditedusingthesamesetof toolsusedfor editingboundarycurves.Feature
curvesareinterpolatedduring theresamplingof thepolygonalpatch. In thefinal step,we
fit surfacesto thespringmeshandoutputbothaB-splinesurfacerepresentationandasetof
associateddisplacementmapsto capturethefinedetail.
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theunderlyingpolygonalpatch. This refinementis explicitly directedby distortion

metricsrelevant to the splinefit. In caseswherefeaturecurvesare specified,the

parameterizationis furtherconstrainedto interpolatethem.Theoutputof thisstepis

a setof springmeshesto which surfaceswill now befit. Theoriginalpolygonmesh

is no longerneededandmaybediscarded.

3. We now usegriddeddatafitting techniquesto fit a B-splinesurfaceto the spring

meshcorrespondingto eachpolygonalpatch. The output of this step is a set of

B-splinepatchesrepresentingthecoarsegeometryof thepolygonalmodel.To repre-

sentfinedetail,we alsocomputeadisplacementmapfor eachpatchasa resampling

of the differencebetweenthe springmeshand the B-splinesurface. This regular

samplingcanconvenientlyberepresentedasa vector(rgb) imagewhich storesa 3-

valueddisplacementateachsamplelocation.Eachof thesedisplacementsrepresents

a perturbationin thelocal coordinateframeof thesplinesurface.This imagerepre-

sentationlendsitself to a varietyof interestingimageprocessingoperationssuchas

compositing,painting,edgedetectionandcompression.An issuein our technique,

or in any techniquefor fitting multiplepatchesto data,is ensuringcontinuitybetween

thepatches.Weuseacombinationof knot line matchingandastitchingpost-process

whichtogethergiveus ��� continuityeverywhere.Thissolutionis widely usedin the

entertainmentindustry.

1.4 Contrib utions

This thesishasfour principal contributions. First, we presenta flexible formulationfor

representingsurfacecurveson dense,unparameterized,polygonalsurfaces.We call this

thesurfacesnake formulation.Prior work on surfacecurveshasassumedtheexistenceof

anunderlyingsmoothsurfacerepresentation.Our formulationis computationallyefficient

andoffersanintuitiveparadigmfor manipulatingcurveson densepolygonmeshes.In the

context of our surfacefitting pipeline,we usethis surfacesnake formulationfor thespec-

ification andsubsequenteditingof boundaryandfeaturecurves. We demonstrateseveral

surfacecurveeditingoperationsusingthis formulation.
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Thesecondmaincontributionof thisthesisis acoarse-to-fineparameterizationstrategy

for densepolygonalsurfaces.In thecontext of our surfacefitting pipeline,this strategy is

usedto createa springmeshresamplingof eachpolygonalpatch.Thealgorithmunderly-

ing ourparameterizationstrategy is automatic,efficient,androbust,evenfor verycomplex

polygonalsurfaces.Prior algorithmshave lackedoneor moreof theseproperties,making

themunusablefor mesheshaving hundredsof thousandsof polygons.Wealsodemonstrate

that our parameterizationsareof a higherquality thanprior approaches.Sincethesepa-

rameterizationsareeventuallyusedfor surfacefitting purposes,ourapproximatingB-spline

surfacesareconsequentlyof superiorquality.

Our parameterizationstrategy alsogivestheusera flexible methodto designparame-

terizations- anability thatprevious literaturein surfaceapproximationdoesnot address.

In our system,the usercanspecifya numberof constraintsto the parameterization(i.e.

feature curves) andthe algorithminterpolatestheseconstraintsduring the coarse-to-fine

parameterizationprocess.Featurecurvesenabletheuserto createthecustomizedparame-

terizationsrequiredby many applications.

Thethird maincontribution of this thesisis our hybrid surfacefitting strategy. In par-

ticular, we fit a combinationof B-splinesurfaces(for coarsegeometry)anddisplacement

maps(for fine geometricdetail) to our densemeshes.Our resultsreproducewith high

fidelity thegeometryof theoriginalpolygonmesh.Furthermore,ourhybridsurfacerepre-

sentationoffersa flexible interfaceto manipulatethegeometryof themodel. We demon-

stratethis flexibility by implementinga numberof surfaceediting operationsthat would

havebeendifficult to achieveusingaunifiedsurfacerepresentation.

Thefourthmaincontributionof this thesisis apracticalend-to-end,interactivesurface

fitting system. The outputproducedby our systemis in a usableform for mostanima-

tion anddesignapplications. Using this systemuserscancreatemodelsof a very high

complexity from scanneddata.

1.5 Organizationof this thesis

Theremainderof this thesisis organizedasfollows. Chapter2 reviews relevantprevious

work andplacesour work in thecontext of othersurfaceinterpolationandapproximation
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schemes.

In chapter3 wedescribetechniquesfor representing,paintingandmanipulatingcurves

on polygonalmeshes.We developthesurfacesnake formulationanddemonstrateits uses

in performingcurve editing operationsdirectly on the polygonalsurface. Thesecurve

paintingandeditingtoolsareusedto createpatchboundarycurvesaswell asfeaturecurve

constraintsto parameterizations.

In chapter4 we motivateandintroduceour two-stagesurfacefitting strategy: first, the

creationof a griddedresampling(thespringmesh)of eachpolygonalpatch,andsecond,

a leastsquaresfitting to eachspringmesh. We compareour fitting strategy to previous

fitting schemesandexploretherelativeadvantagesanddisadvantagesof ourapproach.The

particularsof the two-stagefitting strategy areexplainedin chapters5 and6. Chapter5

first presentsour coarse-to-fine,polygonalpatchresamplingalgorithm. In this chapter

we discussboththebasicunconstrainedparameterizationalgorithmaswell asmethodsto

constrainandguidethis parameterizationusingfeaturecurves. This algorithmgenerates

a springmeshresamplingperpatch. Chapter6 thenexplainsour algorithmsto createB-

splinesurfacesfrom thespringmesh.

In chapter7 wedescribeourstrategy for extractingdisplacementmapfrom thescanned

dataanddescribeseveral methodsof interactingwith our hybrid representation.We ex-

ploresomeinterestingapplicationsof displacementmapsanddemonstratesurfaceediting

operationsthatwouldbehardto duplicatewith justasmoothsurfacerepresentation.

In thepresenceof multiplepatches,it is importantto ensurecontinuityatpatchbound-

aries. Chapter8 discussestechniquesfor ensuringcontinuity for both the traditionalB-

splinesurfacerepresentationaswell asdisplacementmaps.Finally, in chapter9 we sum-

marizethe contributionsof this thesisanddiscussavenuesfor futurework openedup by

our research.

Throughoutthis thesiswe will draw on examplesfrom the entertainmentindustry.

However, our techniquesaregenerallyapplicable.Portionsof this thesisarealsodescribed

in [Krishnamurthy& Levoy 1996].



Chapter 2

Prior Work

Thereis a large literatureon surfacefitting techniquesin the CAD, computervision and

approximationtheoryfields. We begin this chapterwith anclassificationandoverview of

surfaceapproximationproblems(section2.1)in ageneralsetting.In thefollowing sections

wethendiscussin depthaselectionof theseapproximationsolutionsthatarerelatedto the

work advancedby this thesis.

2.1 Surfaceapproximation problemin a generalsetting

Surfacefitting approachescanbebroadlyclassifiedbasedon thefollowing threecriteria:

� Typeof inputdata.

� Fitting method.

� Typeof outputsurface.

Eachof thesethreecriteria can be further classifiedbasedon a numberof sub-criteria.

For example,theinput datacanbedifferentiatedon thebasisof topology(heightfieldsor

arbitrarytopology),measurementaccuracy (noisy or highly accurate)or the presenceof

explicit curveandsurfaceconstraints.Fitting methodscanbefurtherclassifiedonthebasis

of fidelity of fit (e.g. approximationvs interpolationmethods),mathematicalmeasuresof

error(e.g. leastsquareserror, moving leastmedianof squaresetc.),robustnessto different

13
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kindsof input data(e.g. to non-uniformdistributionsof data,to outliersetc.),andsoon.

Outputsurfacescanbefurtherclassifiedasparametric(e.g.B-spline,Bezier),implicit and

algebraic(e.g.quadrics,blobbies),subdivision(e.g.CatmullClark,DooSabin),etc.

Eachcombinationof thesesub-categoriescorrespondsto adistinctsurfacefitting prob-

lem. As canbeexpected,theabove categorizationspansa largebodyof work in a variety

of applicationdomains.A full descriptionof thesesurfacefitting problemsandattempted

solutionsis beyondthescopeof this thesis.We will insteadfocushereonly ona subsetof

thesefitting problemsthatprovideusefulinsightsinto ourown approximationproblem.

Input
data type

Fitting 
method

Arbitrary
topology mix
of point clouds
and curves

Height fields

Arbitrary 
topology 
point clouds�

Arbitrary
topology
polygon meshes�

Geometric
Interpolation

Geometric
Approximation

Variational
Interpolation 

Reeves 1990
Lounsbery 1990
Loop 1994
Grimm 1995

Welch 1994 

Celniker 1991Franke 1982
Sclaroff 1991

Schumaker 1979
Franke 1986
Terzopolous 1988
Forsey 1991

Eck 1996
Krishnamurthy 1996
(This thesis)

Hoppe 1994
Bajaj 1995
Milroy 1995

Moreton 1992

Halstead 1993

Figure 2.1. A classificationof surfacefitting problems.This tableorganizeswork in the
field of surfacefitting by type of input dataandsurfacefitting method. Seethe text for a
detailedexplanationof thisfigure.
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Figure 2.1 provides a more compactclassificationin the form of a table of surface

fitting methodsrelevant to this thesis.We have organizedthis tableasa crossproductof

four typesof inputdataandthreekindsof fitting techniques.Theinputdatais classifiedon

thebasisof topologyinto thefollowing categories:

� Heightfields: the input datamaybeviewedasa setof 	 offsetsfrom the 
�� plane.

Thedatacaneitherbea setof scatteredpointsor theremight beconnectivity infor-

mationincluded.

� Arbitrary topology point clouds: the input datais a set of unconnectedpoints in

space.Theintendedsurfacemaybeof arbitrarytopology

� Arbitrary topologypolygonmeshes:theinputdatais asetof connectedpointsform-

ing anarbitrarytopologymanifoldsurface.

� Arbitrary topology mix of point cloudsand curves: the input datais mix of un-

connectedcurvesandpoints.Theintendedsurfacemaybearbitrarytopology.

For eachof theabovekindsof datatherearetwo fitting options:

1. Interpolation:thecomputedsmoothsurfacepassesthrougheverydatapoint.

2. Approximation: the computedsurfacedoesnot necessarilypassthroughthe data

points.Insteadit only approximatesthedata(i.e. passesnearthem).

Independentof thesetwo optionstherearetwo kindsof surfacefitting strategies:

1. Geometric: choosea specificgeometricprimitive (e.g. Bezier, Catmull-Rom,B-

spline,etc.)asthesmoothsurfacerepresentationandapproximatethedatawith this

specificprimitive.

2. Variational: formulatetheapproximatingsurfaceastheminimal energy solutionto

a correspondingvariationalproblem[Weinstock1974]. In this casethechoiceof a

specificsmoothsurfaceelementis incidentalto thesolution.
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Variationalmethodsarefundamentallydifferentfrom geometricmethodsbothin their

solutionstrategy andin therelativeadvantagesthey offer. For example,it is usuallyeasier

to specify fairly complex curve constraintsas part of a variationalprocedure[Welch &

Witkin 1994].

Basedon theaboveclassificationtherearefour fitting methods:geometricalinterpola-

tion andapproximationandvariationalinterpolationandapproximation.For eachcombi-

nationof input datatypeandfitting methodthe appropriatebox in the tablelists a selec-

tion of relevantprior work. Combinationswheretherehasbeenno previouswork (to our

knowledge)have beencrossedout from thetable.Notealsothatwe have omittedentirely

the columncorrespondingto variationalapproximation.We arenot awareof prior work

thatsuccessfullyaddressesthisproblemdomain.Theentriesfrom table2.1thatareof most

relevanceto ourproblemspacearetheapproachesthatcreategeometricapproximationsof

arbitrarytopologypoint cloudsandpolygonmeshes.

In theremainingsectionsof this chapter, we provide anoverview of eachof thecom-

binationsdiscussedin thetable. We will organizeour discussionasfollows: we begin by

discussinggeometricinterpolationandapproximationtechniquesfor thevariouskindsof

input data(sections2.2,2.3and2.4). Next in section2.5we discussvariationalinterpola-

tion strategies.We concludethis chapterwith a discussionof a selectionof relevantwork

in thetexturemappingdomain2.6.

2.2 Height fields

Theproblemof fitting surfacestoheightfielddataarisesfairly oftenin anumberof problem

domainsrangingfrom visible surfacedetermination[Terzopoulos1988] to computerani-

mation[Forsey & Bartels1991]andfreefrom surfacedesign[Celniker & Gossard1991].

2.2.1 Geometric Inter polation

Geometricinterpolationto measureddatais appropriate(practical)whenthedatahasbeen

measuredwith high accuracy andis manageablein size. Franke’s survey on the subject

of scattereddatainterpolationprovidesa goodoverview to techniquesfrom a numberof
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applicationdomains[Franke 1982]. A specificexampleof interpolatingto griddeddata

is thework of Sclaroff et al [Sclaroff & Pentland1991]. Theauthorsinterpolatecylindri-

cal facescanswith generalizedsuper-quadricsurfaces. Sincesuper-quadricsdon’t have

enoughdegreesof freedomto interpolateanarbitraryheightfield, displacementmapsare

usedto interpolatethegriddeddataset.While thetechniquespresentedproducedeffective

resultsfor heightfields,they cannotinterpolatedatasetsof arbitrarytopology.

2.2.2 GeometricApproximation

Whentheinputheightfield is noisyor inaccurate,approximationtechniquesarepreferable

to interpolation.Schumaker’s classicsurvey [Schumaker 1979]on thesubjectof approxi-

matingscattereddataprovidesa goodintroductionto a largenumberof popularapproxi-

mationmethods.Anotherusefulsurvey in thisdomainis Franke’s comprehensivebibliog-

raphyof bothclassicalandrecentapproximationmethods[Franke& Schumaker1986]for

scattereddata.

Terzopoulos’swork in theareaof visiblesurfacerepresentationis a typicalexampleof

the problemof approximatingto noisy heightfield data[Terzopoulos1988]. In this par-

ticular problem,the input datais obtainedfrom stereoimagepairsusingcomputervision

techniques.Terzopoulosproposesa controlledcontinuitysplinesurfacerepresentationfor

approximatingthis kind of data.Thecontrolledcontinuity formulationintroducesseveral

smoothingtermsduring the approximationprocessto smoothout the noisein the input.

Recentwork in this field hasfocussedmainly on variousenhancementsto this basicstrat-

egy [Sinha& Schunck1992].

Geometricapproximationis alsoappropriatewhentheheightfield datais accuratebut

is too denseto beinterpolatedwithout recourseto surfacesof exceedinglyhighorder. The

work of Forsey et al. [Forsey & Bartels1991]andSchmittet al [Schmittet al. 1986]are

typicalexamplesof solutionstrategiesfor thiskind of inputdata.Forsey usesahierarchical

B-spline[Forsey & Bartels1988]surfacerepresentationwhile Schmittusesasetof Bezier

surfacepatchesas their smoothsurfacerepresentation.Theseapproximationtechniques

perform effectively for scatteredheight field dataor regular grids of points but are not

applicablefor fitting datasetsof arbitrarytopology.
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2.3 Arbitrary topologypoint clouds

In recentyearstherehasbeenmuchinterestin creatinggeometricapproximationsto point

cloudsof arbitrarytopology. The input datasetis usuallyobtainedastheoutputof laser

rangescanners. Hoppeet al. [Hoppe et al. 1994] proposethe useof subdivision sur-

faces[Halsteadetal. 1993]for fitting point cloudsof arbitrarytopology. They assumethat

the point cloud hasa uniform distribution of datapointsover the intendedsurfaceof the

model.Thesolutionproducessmoothsubdivisionsurfaceapproximationsthrougha three-

stageoptimizationstrategy thatfirst producesa triangularmesh,thenoptimizesthis mesh,

andfinally createsa subdivision surfacefrom this optimizedmesh.A similar approachis

takenby Bajaj et al. [Bajaj et al. 1995]. Similar to Hoppeet al., the authorsassumethat

thepoint cloudhasa uniform distribution over the intendedsurface.Their solutionworks

in threestepsaswell. First,a triangularmeshis constructedfrom thepoint cloud. Second

a form of 3-D Delaunaytriangulationis usedto decomposespaceinto uniform tetrahedra.

Thesectionsof thesurfacewithin eachtetrahedraareapproximatedby Bezierpatches.As

afinal steptheapproximatedsurfaceis smoothed.

Both thesesolutionsproducehigh quality smoothsurfaces.However, they have some

shortcomings.First, they aresensitiveto non-uniformdistributionsof datapoints.Second,

thesemethodsarenot effectivemethodsfor capturingfinesurfacedetailsincethey tendto

smoothout theinput data.Third, thesmoothsurfacesproducedareeithersubdivisionsur-

facesor a largenumberof stitchedBezierpatches.Both theseformatstendto beunusable

in mostpracticalapplicationsbecauseof thedensityof patchesandbecauseof thelack of

flexible editingtoolsfor theserepresentationsin popularcommercialapplications.

A secondsetof solutionsthatwork with pointcloudsaremanualB-splinesurfacefitting

systems.ExamplesincludecommercialsystemssuchasImageware’s Surfacer[Sinha&

Seneviratne1993],Delcam’sCopyCAD, andthework of Milroy etal [Milro y etal. 1995].

Theseapproachesbegin by identifying a subsetof pointsthatareto beapproximated.Pa-

rameterizationof datapointsis usuallyaccomplishedby auser-guidedprocesssuchaspro-

jectionof thepointsto amanuallyconstructedbaseplaneor surface[Ma & Kruth 1995].A

constrained,non-linearleastsquaresproblemis thensolvedonthissubsetof thepointcloud
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to obtaina B-splinesurfacefor thespecifiedregion. While thesesolutionsarewidely ap-

plicable,thentendto bemanuallyandcomputationallyintensive.Secondly, aswith thetwo

automatedsolutionsdiscussedearlier, thesesolutionsdo not satisfactorily capturesurface

detail. More comparisonsof this category of techniqueswith our algorithmsaresupplied

in chapter4.

In general,theshortcomingsof mostpointcloudtechniquescanbeattributedto thefact

thatthey fail to exploit topologicalinformationalreadypresentin theinput (laserscanned)

data. As demonstratedby Curlesset al [Curless& Levoy 1996] andTurk et al [Turk &

Levoy 1994],usingthis additionalinformationcansignificantlyimprovequality of recon-

struction.

2.4 Arbitrary topologypolygonmeshes

2.4.1 Geometric interpolation

Interpolatingpolygonmeshesis a well researchedsubjectin thegeometricmodelingliter-

ature.Typically, themesheshave a smallnumberof verticesandtheendgoal is to create

a piecewise smoothsurfacethat interpolatesthe verticesof this network. In somecases

additionalinformationsuchasper-vertex normalinformationis providedto assistthe in-

terpolationprocess.SeeLounsberyetal.’ssurvey [Lounsberyetal.1992]for agoodreview

of thevarioustechniquesthathavebeendevelopedin thisarea.

An exampleof a useof this techniquefor interpolatingsurfacesto digitizeddatais the

work of Pixar’s animationgroup[Ostby1986,Reeves1990]. Thedatasetin this caseis

obtainedthroughthemanualdigitizationof thepolygonmeshnetwork usingatouchprobe.

Catmull-Romsplinesareusedto smoothlyinterpolatethis data.Recentwork in this field

hasfocusedon producinginterpolantsthat generalizeB-splinesurfaces[Loop 1994]and

interpolantsthat representa singlemanifold surface[Grimm & Hughes1995] insteadof

piecewisesmoothsurfaces.

The techniquesin the geometricalinterpolationdomaingenerateasmany (or more)

patchesastherearepolygons.While thisstrategy is acceptablefor smalldatasets,it is not

apracticalapproachfor densepolygonmeshes.
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2.4.2 Geometricapproximation

Geometricapproximationtodensepolygonalmeshesis thesubjectof thisthesis.Partof our

work canalsobefoundin [Krishnamurthy& Levoy 1996].An alternativefitting paradigm

tooursis theoneof Ecketal [Eck& Hoppe1996].Theauthorsdescribeamethodfor fitting

irregularmesheswith anumberof automaticallyplacedbicubicBezierpatches.For thepa-

rameterizationstep,apiecewiselinearapproximationto harmonicmaps[Eck etal.1995]is

used,andthenumberof patchesis adjustedto achievefitting tolerances.While thismethod

produceshighqualitysurfaces,it includesanumberof expensiveoptimizationsteps,mak-

ing it too slow for aninteractivesystem.Furthermore,their techniquedoesnot controlthe

specificplacementof patchboundaries,rathertheboundariesareautomaticallydetermined

throughamulti-stepoptimizationstrategy. Achieving adequatecontroloveranimationsus-

ing their representationis presentlyanunresolvedissue.Finally, their techniquedoesnot

separatefine geometricdetail from coarsegeometry. Particularly for very densemeshes,

we find this separationbothusefulandpreferable,asalreadyexplained.We comparesev-

eralspecificaspectsof theparameterizationschemeof Ecketal. [Eck etal.1995]with ours

in greaterdetailin chapter5 (section5.7).

2.5 Variational interpolation

Variationalinterpolationmethodshave beenusedmostly in experimentalfree form de-

signsystems.Theprincipaladvantageofferedby a variationalinterpolationmethodover

a geometricalinterpolationmethodis that the usercanspecifyarbitrarypoint andcurve

constraintsasinputsto the interpolationprocess.The variationalfitting procedureauto-

maticallygeneratesa smooth,energy minimizing surfacethat follows theseuserspecified

constraintsthat “fills in” unspecifiedinformation. In contrastthe input to a geometrical

interpolationmethodmustbecompletelyspecifiedi.e. thefitting methodcannot“fill in”

theunspecifiedinformation.

Unfortunately, variationalsolutionsto datehaveonly beenappliedto problemsconsist-

ing of a small numberof manuallyspecifiedpoint andsurfaceconstraints.For example,

thework of Celniker et al [Celniker & Gossard1991]interpolateda handfulof pointsand
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curves that were restrictedto representheightfields. This work was subsequentlygen-

eralizedto arbitrary topologyconfigurationsof pointsandcurvatureconstraintsat those

pointsby Moretonet al [Moreton& Séquin1992]. While thesurfacesproducedwereof

a highquality, thenumberof specifiedpointswassmallandtheoptimizationmethodused

wasexpensive. Halsteadet al [Halsteadet al. 1993] generalizedthe last two schemesto

interpolatearbitrarytopologypolygonmeshes.However, aswith othergeometricalinter-

polationmethods,themethodis notsuitedfor approximatinglargepolygonalmeshes.

Welchet al [Welch& Witkin 1994]presenteda similarsurfacedesignsystemthatwas

basedon anarbitrarytopologymix of curve andpoint constraints.Thedesigntechniques

presentedwerethemostflexible aswell asefficientto date.Howeverthemaximumnumber

of nodesthatcouldbeusedwithoutcompromisinginteractivity werea few hundred.Once

again,this is not aviabletechniquefor largepolygonalmeshes.

While therehave beenattemptsat variationalinterpolationof small datasets(asdis-

cussedabove), no techniquesexist yet for the variationalapproximationof densedata

(eitherheightfields or arbitrary topology)with or without curve constraints.The ideas

advancedby this thesistake the first stepsin this directionthroughthe formulationof a

variationalparameterizationalgorithm(seesection5.12.1). However, our surfacefitting

methoditself is basedon traditionalprinciplesof geometricalapproximation.Truevaria-

tionalapproximationto densedataremainsanopenproblemfor futureresearch.

2.6 Relevant work in texturemapping

A key aspectof our methodis an automaticparameterizationschemefor irregular poly-

gon meshes.As such,therearetechniquesin the texturemappingliteraturethat address

similar problems,notablythework of Benniset al [Benniset al. 1991]andthatof Maillot

et al [Maillot 1993]. Both of thesepaperspresentschemesto re-parameterizesurfacesfor

texture mapping. Thesealgorithmswork well with regular datasets,suchasdiscretized

splines. However, they canexhibit objectionableparametricdistortionsin general[Eck

etal. 1995].Pedersen[Pedersen1995]describesamethodfor texturemapping(andhence

parameterizing)implicit surfaces. While the methodswork well with implicit surfaces,



CHAPTER2. PRIORWORK 22

they rely on smoothnesspropertiesof thesurfaceandrequiretheevaluationof globalsur-

facederivatives. Sinceirregularpolygonmeshesareneithersmoothnor conducive to the

evaluationof globalsurfacederivatives,theabovetechniquescannotbeappliedto ourinput

datasets.



Chapter 3

Surfacecurve formulation

Oursurfacefitting pipelinestartswith auserinteractively segmentingthepolygonalmodel

into a numberof regionsthatareto beapproximatedby B-splinepatches.In our system,

this segmentationis accomplishedby the placementof boundarycurvesat userspecified

locations.Sincetheuserdictatestheplacementof boundarycurves,they mayhavecomplex

shapesrelative to the surfacegeometry. Therefore,the ability to preciselypositionthese

curvesrelativeto thesurfacegeometryis crucialto ourapplication.As such,curvesthatare

constrainedto thesurfaceprovideabetterintuition for theshapeandpositionof aboundary

curve thanunconstrainedthreedimensionalcurves. In thefirst place,unconstrainedspace

curvescouldintersectandbeoccludedby thesurfaceitself,makingfor poorvisualizations.

Secondly, in the absenceof anexplicit surfaceconstraint,the usermustmanuallyensure

that thecurve closelyfollows the surfacegeometry. If eitherthe surfacegeometryor the

curve shapes(or both) arecomplex this processis likely to be tedious. A moreserious

concernis that the processis likely to be error prone: for exampleusing spacecurves

it is possibleto generatecurvesthat do not obey the topologyof the underlyingsurface.

Thefact thatour input polygonalmeshesarelargeonly servesto furtherexacerbatethese

problems.To avoid theproblemsassociatedwith theuseof spacecurveswe representour

patchboundariesassurfacecurves. By definition, this representationpossessesa built in

surfaceconstraintandhenceavoidsthemany problemsassociatedwith spacecurves.

In this chapterwe describeefficientandintuitive techniquesfor specifyingandediting

23
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surfacecurves. We begin (section3.1) with a descriptionof our surfacecurve represen-

tation. This representationis a discreteonesinceit existson a piecewiseflat surface. In

section3.2wedescribeamethodto createboundarycurves.

Sincetheusermight wish to subsequentlyedit thepositionof thecurve, it is essential

to provide flexible androbustcurve editingtools. In our system,we provide two kindsof

curveeditingtools:

� Spacecurvebasededitingtools.

� Surfacesnakebasededitingtools.

Section3.3describesspacecurvebasedediting.This paradigmassociatesa face-point

curve with a correspondingthreedimensional(i.e. unconstrained)B-spline curve. An

editing operationon the B-splinecurve now translatesto an analogousoperationon the

face-pointcurve. Thisparadigmallowsusto usetheflexibility andpowerof thetraditional

B-splinerepresentationwhile still retainingthebenefitsof asurfacecurverepresentation.

While thespacecurvebasededitingparadigmis useful,it hasseveralflaws. Weexplain

thesein section3.4. To overcometheseflaws we proposea surfacesnake formulationfor

our surfacecurves. This formulationfacilitatesthecreationof a new setof flexible curve

editingtoolsthatovercometheshortcomingsof spacecurvebasedediting.Thetheoretical

framework for surfacesnakesis discussedin section3.5. We discussan implementation

of thesurfacesnake framework in section3.6. A simplistic implementationof thesurface

snake theorycanbeinefficient. In section3.7 we proposea methodto speedup thebasic

implementation.

Tools basedon surfacesnakesoperatedirectly on the surfacecurve (ratherthanindi-

rectly througha spacecurve) andhencearemoreflexible andintuitive to usethantools

basedon spacecurves. In addition,surfacesnakesalsoallow theuseof surfaceproperties

suchasvertex color to assistin thecurveeditingprocess.Suchoperationsarenotpossible

usingjust spacecurves.We concludethis chapterwith a demonstrationof theseandother

usesof surfacesnakesin section3.8.
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3.1 CurveRepresentation

A surfacecurve on a polygonalsurfaceis accuratelyrepresentedasa discretepolygonal

geodesic[Mitchell etal. 1987].Thisrepresentationis essentiallyan“edge-pointcurve” i.e.

a chainof edge-pointssuchthat two successive edge-pointslie on sometwo edges(or a

corner)of thesameface.

(a) (b)

Figure3.1. A comparisonof theedge-pointsurfacecurve representationandour face-point
approximationto it. (a) shows aneditingoperationon anedge-pointcurve on a polygonal
surface. Notice that successive pointson the curve beforeandafter the editing operation
must lie on sometwo edges(or a vertex) of eachpolygon that the curve crosses.This
couldmake therepresentationinefficient for curve editingpurposes:we mustkeeptrackof
wherethecurve intersectsthesurfaceat eachstageof theeditingoperation.(b) shows the
sameeditingoperationon our face-pointrepresentation.In this case,theeditingoperation
consistedsimplyof moving individual facepointsto theirnew locations.Theintersectionof
theface-pointcurvewith edgesof thepolygonmeshdoesnotneedto bestoredor computed
at any pointof aneditingoperation.

While this representationis a usefulandelegantonefor someoperations,it is unsuit-

ablefor ourpurposes.For examplefigure3.1(a)demonstratesasimpleeditingoperationon

theedge-pointrepresentation.Notethatateachstepof theeditingoperationthecurvemust

beclippedagainstthe edgesof the underlyingpolygonalmeshin question.Unlesscare-

fully optimizedthis operationcouldbeinefficientandthereforeunwieldyin aninteractive



CHAPTER3. SURFACE CURVE FORMULATION 26

system.A simpleralternative to the edge-pointrepresentationis a face-pointrepresenta-

tion. A surfacecurve in this representationconsistsof a seriesof connectedface-points,

wherea face-pointis simply a point on somefacetof the polygonalsurface. We do not

placeanexplicit constrainton therelativepositionsof successive face-pointsof thecurve.

Figure3.1(b)shows theeditingoperationof figure3.1(a)onour face-pointrepresentation.

Sincewe do not explicitly maintainintersectionsof this curve with edgesof the polyg-

onal mesh,our curve editing operationscanbe madeefficient. The curve is visualized

(i.e. rendered)usinga piecewise linear reconstructionthroughits constituentface-points.

Sincesurfacecurvescanbeoccluded(in a 2-D rendering)by the surfacegeometryitself

we renderthemtogetherwith thesurfacegeometryusingahiddensurfacealgorithm.

Notethatour linearre-constructionof face-pointcurvesmight intersectthesurfaceof

thepolygonalmesh.An exampleof this is shown in figure3.2. A hiddensurfacerender-

ing of our face-pointcurvescould thereforeresult in portionsof the surfacecurve being

occludedby thesurfacegeometryitself. Sucha renderingwouldprovideanunsatisfactory

intuition for theplacementof the face-pointcurve relative to thesurface. However if the

samplingdensityof thecurve is reasonablyhigh therenderingis satisfactory. In practice,

we chooseour samplingdensityso that on the averageno two face-pointsareseparated

by morethanthewidth of onepolygon(i.e. successive face-pointsareeitheron thesame

faceor onadjacentfaces).Wediscussonemethodto maintainauniformsamplingoverthe

lengthof a face-pointcurve in section3.6.3.

3.2 Curvepainting

Givenourchoiceto representboundarycurvesassurfacecurves(i.e. asface-pointcurves),

thereareseveralpossiblemethodsfor a userto placethemon thesurface. We chooseto

have the userpaint the curvesdirectly on the meshsurface. An alternatemethodmight

beto draw threedimensionalspacecurvesandthenprojectthesecurveson thepolygonal

surface.Yet anothermethodmight beto useplanesto cut sectionsof theobjectandhave

thosesectionsdefinecurveson the meshsurface. Suchtools have beenusedwith point

cloud databy a few researchsystemsas well as somecommercialpackages[Sinha &

Seneviratne1993,Milroy etal. 1995].
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(a) (b)

Figure 3.2. A linear reconstructionof the face-pointcurve representationmight intersect
the polygonalsurface. For example(b) shows a sectionof the face-pointcurve in (a) that
intersectsthe mesh. This is a potentialdrawbackof a linear re-constructionof the face-
point curve. However in practice,if the samplingdensityof the curve is reasonablyhigh
thevisualizationis satisfactory. A methodfor ensuringuniform samplingdensityover the
lengthof a face-pointcurve is explainedin section3.6.3.
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While thesetools areusefulthey do not provide the intuitive feedbackthat a surface

painting tool canprovide. For instance,the curve projectionmethodis proneto failure

in regionsof the surfacethat have high curvature. In the caseof a cuttingplanetool the

shapeof the surfacecurve definedis severely limited: it can only be a planarcontour

on the surface. Furthermore,thesetools do not usesurfaceshapeasan integral part of

thecurve specificationprocess.Therefore,theusercannotrely on intuition aboutsurface

shapeduringthecurvespecificationprocess.

(a) (b) (c)

v1

v2

Figure3.3. Boundarycurvepainting.Twosuccessively pickedverticesv1 andv2 areshown
in (a). Betweeneachpair of suchverticeswe computethe projectionon the surface,of a
straightline connectingthetwo. This is performedin two steps.First,wecomputeagreedy
graphpathbetweenthesetwovertices.Thispathis aseriesof connectedverticesof themesh
with v1 beingthestartvertex andv2 theendvertex. The intermediateverticesarechosen
usinga greedyalgorithm: given a vertex on the path, the next vertex is chosento be the
closestneighborof the destinationvertex in Euclideanspace.(b) shows the greedygraph
path(asa thick polyline) correspondingto verticesv1 andv2. This pathis thensampled
into a face-pointcurve andsmoothedinto astraightline asillustratedin (c). Thesmoothing
processis explainedin detailin thetext. Filled circlesrepresentindividual facepoints.The
face-pointcurve now representsa samplingof theprojectionon thepolygonalsurface,of a
line from v1 to v2.
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Figure3.3 explainsthe specificsof our curve paintingprocess.Curve paintingis ac-

complishedin two steps. In the first stepthe userpicks a sequenceof verticeson the

polygonmeshthatrepresentasequenceof pointsthatlie onthesurfacecurve. Thepicking

taskis astraightforwardoneandcanbeaccomplishedin anumberof ways.Weusethefol-

lowing method:theuserselectsa seriesof pointsona2-D projection(or rendering)of the

polygonmesh.This renderingstoresanitem buffer thatassociatesfor eachscreenpixel a

setof meshverticesthatmapto thatpixel in therendering.Whenascreenpixel is selected

by theusertheprogramsearchesthepixel’sitembuffer is usedto computethevertex of the

meshthatis closestto theviewer. Anotherequallypracticalmethodfor accomplishingthis

pickingoperationis to tracearaythroughthescreenpositionunderthemouseandintersect

it with a face-pointon themeshsurface.We choseto implementtheformerapproachfor

its simplicity anddueto the fact that the operationis hardwareacceleratedon mosthigh

endworkstations.

The secondstepin the curve paintingprocess“chainstogether”surfacepointsasthe

useris picking them. This chainingprocesscreatesa continuoussurfacecurve out of the

pickedpoints. Theproblemof computingthis continuoussurfacecurve may be reduced

to findinga surfacecurvesectionbetweeneachpairof successively pickedpoints.Joining

thesecurvesectionstogetherthengivesustheoverall curve throughthepoints.

It is worthnotingthatthereis no “correct” curve joining thetwo points:sincetheuser

hasnot suppliedany informationother than the picked points, thereare many possible

surfacecurvesthatwe cancreatebetweeneachpair of surfacepoints. Themostobvious

surfacecurve to useis the shortestsurfacecurve betweenthe two points i.e. a discrete

geodesic[Mitchell et al. 1987]. Unfortunatelytruegeodesiccomputationis prohibitively

expensive( �������� in thesizeof themesh[Chen& Han1990])andwouldseverelylimit the

interactivity of our paintingprocess.It is thereforenot a viableoptionfor our application.

Of course,lesscomputationallyintensiveapproximationsto geodesicscouldbeattempted

andthis is anavenuefor futureexploration.

We chooseinsteadto computea curve that representsa samplingof theprojectionon

thepolygonalsurfaceof a line joining eachpair of successivepoints.We choosethis over

otherpossibilitiesbecauseit is a plausibleapproximationto a geodesicbetweenthe two

userpoints.Furthermore,thecomputationmaybeaccomplishedusingpurelylocalsurface
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informationandis thereforerapid. If two consecutively picked surfacepointslie on the

sameface,the projectionoperationis trivial. If this is not the casethenwe computethe

face-pointcurvesectionin two steps.First,wecomputeagraphpathbetweenthestartand

endface-pointof thecurve section.This is definedasa sequenceof connectedverticesof

themesh,suchthatthestartvertex is theclosestto thestartingface-pointandtheendvertex

is closestto theendface-point.A greedygraphsearchalgorithmcomputesthispath.Given

a vertex on thepath,thegreedyalgorithmselectsasthenext vertex, a meshneighborthat

is closestin Euclideanspaceto theendingface-point.Thegraphpaththatwe obtainfrom

thepreviousstepis sampledinto a numberof face-points.Theresultingface-pointcurve

is jaggedsinceit conformsto the edgesandverticesof the polygonmesh(figure 3.3b).

As a secondstepwe thensmooththis face-pointcurve with a straightline joining thestart

andendpoints. Thesmoothingoperationis basedon procedure“CurveAttract” which is

explainedin section3.3.1. In this procedure,the jaggedgraphpathis first sampledinto

a setof face-pointsandthensmoothedusinga straightline joining thetwo points(shown

in figure 3.3c). This two stepsmoothingoperationis morerobust thana directone-step

projectionof a line on thesurface.As explainedearlier, a singlestep,directprojectionto

thesurfacecansuffer catastrophicfailuresin regionsof thepolygonmeshthathave high

curvature.Our two stepprocessis robustto abruptchangesin surfacecurvatureandshape

sinceit startsout with a good initial guessof the path on the surface(the graphpath).

Figure3.3summarizesthecurvepaintingprocess.

It is worth notingthatour procedureis not guaranteedto provide theshortestpossible

paththroughthepickedpoints.Ourgraphpathswerecreatedusingalocal(greedy)heuris-

tic andthesubsequentsmoothingoperationmovesface-pointsonly locally on thesurface.

However, a shortestpaththroughthepointsdoesnot have any specialsignificancefor our

application.A plausibleapproximationto it sufficesfor ourpurposes.

Thepaintingprocessyieldsa face-pointcurve througha sequenceof pickedvertices.

Betweeneachpair of pickedverticesthe face-pointcurve sectionis theprojectionon the

surface,of a straightline. Therefore,the paintedsurfacecurve may be viewed asa pro-

jection on the surfaceof a piecewise linear curve. In practice,the userwill want to edit

thiscurve to moveit into amoredesirableposition.At thevery least,theuserwill wantto

smooththesurfacecurve soit takeson moredesirableappearance.In thenext section,we
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discussoneparadigmfor curveeditingthatusesspacecurves.

3.3 Curveediting usingspacecurves

Spacecurve basedediting tools arein turn basedon a procedurethat, givena face-point

curveandanunconstrainedthree-dimensionalspacecurve,usesthespacecurve to smooth

theface-pointcurve. It accomplishesthis by “attracting” theface-pointcurve (on thesur-

face)to thespacecurve.

3.3.1 Attracting face-pointcurvesto spacecurves

Recallthatin oursystemasurfacecurveis aseriesof connectedface-points.Let usassume

for the momentthatwe aresupplieda spacecurve that is to beusedto smooththe face-

point curve. As a first stepin curve smoothing,we samplethespacecurve uniformly (by

arc length)into a numberof individual threedimensionalpoints. We associateonesuch

point in spaceto eachface-pointof the surfacecurve. The curve smoothingprocedure

simply slideseachface-pointof the curve to a new locationon the surfacesuchthat it

becomestheclosestpointonthesurfaceto thecorrespondingpointonthespacecurve. We

call this theCurveAttract procedure.SeeAppendixA for onepossibleimplementationof

aprocedureto slidepointsonpolygonalsurfaces.Figure3.4sumsup thisprocedure.

If thespacecurve hasa plausibleprojectionon thesurface,CurveAttractensuresthat

theface-pointcurve representsthisprojection.Furthermore,thealgorithmis rapidsinceit

usespurelylocal informationwhensliding pointsover thepolygonalsurface.However, if

thespacecurveusedfor smoothingis not well chosenCurveAttractis proneto non-robust

behavior. First, noticethat the movementof a face-pointdoesnot affect its neighborsin

the face-pointcurve: eachface-pointis treatedon an individual basiswhen it is moved

over the surface. Thus, if the spacecurve usedfor smoothingwas itself non-uniformly

sampledthesmoothedface-pointcurvewill alsobenon-uniformlysampledoverits length.

A secondpotentialpitfall of thealgorithmis thatif eitherthespacecurvedoesnotpossess

a plausibleprojectionon the surfaceor if thereare abruptchangein surfacecurvature,

applyingthealgorithmcould leadto anundesirabledistribution of face-pointswithin the
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S: Space curve
F: Sampled  face point curve

(a) (b)
�
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of Ae

Ae

Ar

v

Figure 3.4. ProcedureCurveAttract:smoothinga face-pointcurve usinga spacecurve. (a)
showsanattractorAr onthespacecurveandanattracteeAe onthepolygonmesh.(b) shows
a1-D versionandtherestpositionof Ae.

smoothedface-pointcurve. Thisin turncouldleadto poorvisualizations.If thespacecurve

usedfor CurveAttractwas itself sampleduniformly over its length and had a plausible

projectionon thesurface,thealgorithmdoeswell, i.e. thesmoothedface-pointcurve is a

faithful samplingof theprojectionon thesurfaceof thespacecurve. Clearly, thechoiceof

a suitablespacecurve is animportantone.Thenext sectionfirst discussesour methodfor

choosingasuitablespacecurveandthenexaminessomecurveeditingoperationsbasedon

thismethod.

3.3.2 Fitting a B-splinecurve to the face-pointcurve

For editingoperationsthatarebasedonspacecurve smoothing,we have chosenthespace

curve representationto be uniform B-splines. This representationis widely usedby 3-D

modelersandassuchit enablestheuseof familiar editingoperations(e.g. controlvertex

manipulation).Otherparametriccurve representationsmaybeeasilysubstitutedinto our

approach.

We arriveataninitial locationof thethreedimensionalB-spline(space)curve through

a leastsquaresfit of theface-pointcurve data.Theequationfor a uniform B-splinecurve
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� ����� canbewrittenas:

� �������
�
� �"!$# �&%'� �(�)� (3.1)

In the equation,%'� �(�)� is the uniform B-splinebasisfunction [Bartelset al. 1987,Farin

1990]and# � arethecontrolverticesof theB-splinecurve. Initially thecontrolverticesare

unknown to us; we mustchoosethemto form a reasonableapproximationto our surface

curve. Therefore,giventhenumberof controlvertices* desiredin theapproximatingB-

splinecurve andthefacepoints +-,.�(
�/0��/�	"� of thesurfacecurve,we needto determinethe

locationsof asuitablesetof controlvertices(i.e. # � ) suchthattheresultingB-splinecurve� ����� is agoodapproximationto thefacepoints.

This is a traditional curve approximationproblemand is well studiedin the litera-

ture.For our particularcasetheproblemcanbeframedasa non-linearleastsquaresprob-

lem [Dierckx 1993,Rogers& Fog1989].This is explainedasfollows. In equation3.1we

needto find the # � aswell as � valuesfor eachdatapoint +-,.�(
�/0��/�	"� . Since,theB-spline

basisfunctionswe usearenon linear(in generalthey areof order4) in � theapproxima-

tion problemis a non-linearone.Onesolutionto this approximationproblemproceedsas

follows. Assumethat we have assigneda parametervalue(i.e. a �$, value)for eachdata

point +1,2�(
�/0�$/3	"� . For the 4 th datapointequation3.1canthenbewrittenas:

+1,.��
�/0�$/3	"��� � �(�5,6���
�
� �"!$# �&%'� �(�$,7� (3.2)

Wegetonesuchequationin thevariables# � for eachface-point.In ourapplication,thisset

of equationsis usuallyover-constrainedi.e. thenumberof facepointsis fargreaterthanthe

numberof controlpointsapproximatingtheface-pointcurve. If thenumberof face-points

is 8 thisover-constrainedlinearsystemcanbewrittenas:

+ !
+ �...
+-9

�
%:! ��� ! � % � �(� ! � ;3;3; % � ��� ! �%:! ��� � � % � �(� � � ;3;3; % � ��� � �...

...
...

...%:! ���59<� % � �(�59<�=;3;3; % � ���59��

#?>
#?@...
#?A
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This is anover-constrainedlinearsystemandcanbesolvedusingtraditionalnumerical

techniques[Lawson& Hanson1974]. Multiple linearconstraints,suchasfixing a setof

controlverticesat specificlocationsareaddedin a straightforwardmanner. Thus,oncewe

have assignedparametervaluesto thedatapointstheproblemreducesto thenumerically

simpleone of solving a set of linear equations.Thereare a numberof techniquesthat

havebeenproposedfor assigningparametervaluesto thedatapoints.Seefor examplethe

methodsexplainedin theworksof Foley andNielson[Foley & Nielson1989,Nielson&

Foley 1989]andthemethodsreferencedtherein.

For ourapplicationwehavechosento usethearclengthmetricfor assigningparameter

valuesto theseface-points.This assignsa � valueto eachface-pointthat is equalto the

ratioof thelengthof thecurveupto thatpoint to thetotal lengthof thecurve. Thelengthof

our face-pointcurvesitself (or sectionsthereof)is easilycalculatedbasedon thedistances

betweensuccessive face-points(i.e. thechordlength). While this is anapproximationto

the true lengthof the curve, it is a satisfactoryoneif the curve is well sampledalongits

length.Thisparameterizationmethodworkswell in practice.Seesection3.6.3for methods

onmaintaininga uniformsamplingof face-pointcurves.

Basedon the parametervalues,we fit the face-pointcurve with a uniform B-spline

curveof known resolution(i.e. * ). Thisresolutionis interactively chosenby theuser. This

choiceallows the userto determinehow closelya B-splinecurve mustapproximatethe

surfacecurve for aneditingoperation.If the userwishesto smooththesurfacecurve by

a substantialamounta coarseB-splinecurve (i.e. fewer controlvertices)couldbechosen.

In this casetheB-splineapproximationwill bemuchsmootherthanthesurfacecurve and

hencetheresultingsmoothingoperationwill createa muchsmoothersurfacecurve. Simi-

larly, a largernumberof controlverticesfor theB-splineapproximationresultsin a much

closerfit to thesurfacecurveandhencetheresultingsmoothingis subtle.Thenext section

briefly discussesfurtherdetailsof editingface-pointcurveswith B-splinecurves.

3.3.3 3-D B-splinecurvebasedediting

Thepreceedingsectionoutlinedtheprocessof obtaininga B-splinespacecurve from the

face-pointcurve. In practice,theleastsquaresfitting andsmoothingmethodoutlinedin the
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last two sectionscanbeperformedat interactive speedseven for largepolygonalmeshes

anddenseface-pointcurves. This allows the userflexibility whenusingthe smoothap-

proximatingspacecurve to performcurve editing. Coarserresolutionsallow large scale

smoothing(andediting)while higherresolutionsallow thefine tuningof face-pointcurve

placement.Editing is straightforward: the usermanipulateseithera control vertex or an

edit point [Forsey & Bartels1988]of theB-splinecurve. This updatesthelocationof the

B-splinecurvewhichin turnupdatesthesurfacecurvebasedontheprocedureCurveAttract

discussedearlier. In practiceall thestandardmethodsfor editingandcontrollingB-spline

curvesmay be usedin the above process.Examplesincludemanipulatingtangentsand

accelerationvectorsatedit points.

Themethodhasa severaladvantages.First it runsat interactive speedsevenfor large

meshes.This is becausethe curve smoothingalgorithmusesonly local surfaceinforma-

tion to accomplishsmoothingi.e. only thosepolygonsthat areactually touchedby the

face-pointcurve needbe traversedduring eachsmoothingstep. A secondfeatureof the

algorithmis thatit usestraditionalB-splinecurveeditingtechniques.This is awell studied

areaandcommercialpackagessuchasAlias, Softimage,Pro/Engineerallow a numberof

powerful tools to manipulateB-splinecurves. Thusa modelercanusea powerful andfa-

miliar setof toolsto manipulatethesurfacecurve (albeit indirectly) while still benefitting

from theadditionalintuition offeredby asurfacecurve. Finedetailsmaybeeditedby using

morecontrol verticesin theB-splinecurve while coarsegeometrycanbeeditingusinga

smallernumberof controlvertices.

In thepreceedingdiscussiononecouldalsoimagineusingothercurve representations

(i.e. basisfunctions)suchasawavelet[Gortler& Cohen1995,Finkelstein& Salesin1994]

or a hierarchicalB-spline representation[Forsey & Bartels1988]. The smoothingand

editing techniquesoutlinedabove work with any underlyingbasisfunction for the space

curve. In eachof thesecasesthe underlyingmathematicalstructureof the spacecurve

representationis inheritedby thesurfacecurve. We have chosena uniform B-splinebasis

functionbecauseit is therepresentationof choicefor mostpopularmodelingpackages.
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3.4 Limitations of spacecurvebasedediting

While the curve editing paradigmoutlined in the previous sectionhasa numberof ad-

vantagesit hassomeshortcomings:first, editingbasedon spacecurvesis usuallynot an

intuitive operationfor sophisticatedediting scenarios.This is becausethe userdoesnot

directly manipulatethesurfacecurve; rather, all editingoperationsmustbeaccomplished

indirectly by manipulatingtheB-splinespacecurve,which in turn controlstheface-point

curve. Furthermore,someeditingoperationson thespacecurve might produceno change

in thesurfacecurve (this canhappenfor exampleif the initial andfinal stateof thespace

curve have thesameprojectionon thesurface).A secondshortcomingof thespacecurve

basededitingprocedurewasoutlinedin section3.3.1: if thespacecurve doesnot have a

plausibleprojectionon thesurface(suchasmight happenin high curvatureregionsof the

surface)thesmoothingalgorithmis proneto non-robustbehavior.

Note that the shortcomingsof a spacecurve basedediting paradigmareindependent

of thespecificrepresentationof thespacecurve. Our choiceof a B-splinebasisfor space

curvesdoesnot worsenor alleviatetheseproblems.Ratherit is theeditingparadigmitself

thathastheseshortcomings.

3.5 Surfacesnakes:minimum energy surfacecurves

To overcometheshortcomingsof spacecurvebasedediting,weproposeanew framework

for the direct manipulationof surfacecurveson densemeshes.We call this the surface

snake framework. A surfacesnake is anenergy-minimizingface-pointcurve. Theenergy

of asurfacesnake is a combinationof internalandexternalcomponents.In theabsenceof

externalconstraintsa surfacesnake tendsto minimizejust its internalenergy. As external

constraintsareadded,thesurfacesnakeattainsanenergy statethatminimizesbothinternal

andexternalenergy constraints.Using the surfacesnake framework we develop a curve

editingtool thatenablestheuserto editsurfacecurvesby directlyselectingandmoving on

thesurfaceanarbitrarysectionof thecurve (seesection3.8.1).Thecurve sectiondeforms

onthesurfacewhile stayingcontinuouswith therestof thesurfacecurve. Becausetheuser

directly manipulatesthesurfacecurve, theeditingoperationis intuitive. Furthermore,the
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surfacesnakeformulationensuresthattheeditingoperationis robustwith respectto abrupt

changesin surfacecurvatureandgeometry.

In thissectionwebegin (in subsection3.5.2)by reviewingaselectionof relatedwork in

theareaof surfacecurvesaswell asenergy-minimizingcurvesin general.We follow this

with a discussionof a theoreticalformulationfor energy minimizing curveson polygonal

surfaces.Subsequentsectionsdiscussanefficient implementationandapplicationsof the

formulation.

Thesurfacesnake framework is anextensionto polygonalsurfacesof snakesin two di-

mensions[Kassetal. 1988].As suchit drawsseveralinsightsfrom two bodiesof research:

thevariationalmodelingliteratureandprior work on surfacecurves(on othersurfacerep-

resentations).In thefollowing discussion,wediscusseachof thesein turn.

3.5.1 Snakes: energy minimizing curvesin 2-D

Snakes (or active contours)are energy minimizing curves in two dimensions[Kass

et al. 1988].They wereformulatedfor thepurposeof assistingin theperformanceof high

level imageprocessingoperationssuchas identifying subjective contours,motion track-

ing andperformingstereomatching.Sincethesekindsof algorithmsoften requiresome

form of higherlevel reasoning,low level automatedalgorithmsusuallyperformpoorly for

theseoperations.Kasset al. arguedthatan interactive systemthatusedminimumenergy

curves(or “active contours”)couldbeusedto attainsuperiorsolutions.They calledthese

curvessnakesfor their snake-like behavior duringa seriesof energy minimizing steps.A

snake underthis definitionis anenergy minimizing2-D curve associatedwith anunderly-

ing image.Theenergy of thesnake is measuredasa combinationof internalconstraints,

image-basedconstraintsandusersupplied(external)constraints.For a curve BC��DE� that is

parameterizedby arclengththisenergy is writtenas:

FHGJILK0MON � �! F � I�P(N&QRI�KTS � B'�&DE�O�?U F �WV KTXYN �ZBC��DE�O�[U FH\^]RI�G&P(QRK � I�P �ZBC��DE�O��_`D (3.3)

In the equationabove, the (arc length)parameterD variesfrom a to b , the lengthof the

curve.
F � I�P(N&QRI�KTS representsthe internalenergy of the snake dueto the internalstretching

andbendingof the curve.
F �WV KTXTN

representsthe energy of the curve dueto propertiesof
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the underlyingimage(e.g. intensitymagnitudesor gradients)and
FH\^]RI�G&P(QRK � I�P represents

externalenergy (e.g.basedonuserdefinedconstraints).Thesnakeattemptsto reachafinal

statethatminimizes
FcG&I�KTMdN

.

To provideanintuition for whattheseenergy termsrepresentweexaminein moredepth

theinternalenergy term
F � ILP(NJQRILK0S . Thiscanbefurtherexpandedas:

F � I�P(NJQJI�KTS �ZB'�&DE�O�e�gf:�&DE�ih B G h � Ukjl��Di�Eh B G&G h � (3.4)

where

B G � m Bm D /nB GJG � m ��Bm D �
f and j areweightingfunctions.Thepresenceof thefirst orderterm h B G h � minimizesthe

lengthof thesnake. For anintuition of whatthis termaccomplishes,imaginethebehavior

of a pliable,elasticbandthat is constrainedto passthrougha seriesof hooks.Theelastic

bandshrinksits lengthto beasshortaspossibleandstill passthroughthosehooks.For this

reason,thefirst ordertermis sometimesreferredto asthemembraneenergy or stretching

energyof thecurve. Thetermlocally characterizesa o !
curvethatneedonly becontinuous

but notdifferentiablei.e. thecurvecanhavesharpcorners.

The secondorder term h B GJG h � minimizesthe curvatureover the length of the curve.

For an intuition for what this accomplishes,imaginethe behavior of a stiff wire that is

constrainedto passthrougha seriesof hooks(like themembranein our exampleabove).

Sincethe wire is resistantto bending,the resultingcurve is smooth.For this reason,the

secondorderterm is sometimesreferredto asthe thin plateenergy or bendingenergy of

the curve. Quantitatively, the term locally characterizesa o � curve i.e. a curve that is

continuousandhasacontinuousfirst derivative.

Thefunctionsf'��Di� andjl��Di� arereferredtoascontinuitycontrol functions.By changing

themonecancontroltherelativestrengthsof thestretchingandbendingtermsandtherefore

theshapeof thecurve. For example,when f'�&DE� is zerothecurvehasalocaldiscontinuityat

D . Whenjl�&DE� is zero,thecurvehasasharpcornerat D . Thecurveproducedby equation3.4

is calleda controlled continuitysplinebecauseonecanchangethecontinuityat any point

alongthecurveby manipulatingthecontinuitycontrolfunctionsf'��Di� andjl�&DE� . Usingthe

controlledcontinuitysplineandjudiciousformulationsfor
F �WV KTXYN

and
FH\�]JI�GJP(QJK � ILP a variety
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of usefulbehaviors maybeobtainedfor snakes. We refer thereaderto theoriginal paper

by Kassetal. for furtherdetails[Kassetal. 1988].

3.5.2 Prior work on surfacecurves

While manipulatingcurvesin Euclideanspace(
� � or

�H�
) is a well studiedsubject,there

hasbeenlittle work onthesubjectof manipulatingcurvesonarbitrarycurvedmanifolds.If

themanifoldis alreadya parameterizedsurfacein 3-space,thecurve definitionproblemis

effectively transformedto a problemin theEuclideanplane(i.e. thecurve coordinateslie

on theparametricplane).Thustechniquesfor manipulatingcurveson parametricsurfaces

arewell studied.However, whenthereis noobviousmappingof asurfaceto theEuclidean

plane,suchasin thecaseof implicit surfacesor polygonmeshes,therearevery few tech-

niquesthatallow auserto manipulatecurvesdirectlyonthesurface.In theimplicit surface

domain,therehasbeensomework on fitting curvesontogeneralquadricsurfaces[Dietz

etal. 1993],but thework is noteasilyextensibleto non-polynomialsurfaces.

Thework of GabrielandKajiya [Gabriel& Kajiya 1985],subsequentlyimprovedupon

by Barr et al [Barr et al. 1992], comescloserto our needs. Both of theseapproaches

modelsurfacecurvesasa minimumenergy solutionto anoptimizationproblem.Thefirst

approachworkspurely in parametricspaceandthesecondsolvestheproblemof interpo-

latingquaternionsin 4-space.Theinterpolationmethodsproposedarenoteasilyextensible

to arbitrarysurfacedefinitions. Pedersenet al [Pedersen1995]demonstrateda variantof

the techniquethat could be usedeffectively to calculatesmoothinterpolatingcurveson

implicit surfaces.

Noneof the above-mentionedtechniqueshave addressedthe issueof intuitivenessof

control, computationalcomplexity of the optimizationstepsor the interactivity of their

algorithms.Further, themethodsall makeassumptionsaboutthesmoothnesspropertiesof

theirunderlyingsurfacerepresentation.While theassumptionswerevalid for theproblem

domainbeingtackled(i.e. quaternionspheres,implicit surfacesor quadricsurfaces),they

donothold for polygonalmeshes.
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3.5.3 Formulating snakesfor polygonalsurfaces

Our surfacesnake formulation is a extensionof the 2-D snake formulation of Kasset

al. [Kasset al. 1988] for densepolyhedralsurfaces. As such,the key differenceof our

formulationasdistinctfrom theirsaretwofold:

1. Weaddtheadditionalconstraintthatensuresthatoursnakeslie on thesurfaceof the

polygonalmeshwhile still satisfyingtheminimumenergy criteria.

2. We re-formulateeachof the energy termsin equation3.5 for the face-pointcurve

representation.

Weexplainboththesemodificationsin thefollowing discussion.

We usea controlledcontinuity splineto modelour surfacecurves. The internaland

externalenergy termsof asurfacesnakecanbewrittenas:

FHGJp6QRq.rsG&I�KTMdN � �! F � ILP(NJQRILK0S � B'��Di�0�tU FHGJp6QRq �ZBC��DE�O�?U FH\^]RI�G&P(QRK � I�P �ZB'�&DE�O��_`D (3.5)

where the only modificationwe have madeto the 2-D formulation is the replacement

of
F �uV KTXYN

with
FcG&pvQJq

to indicatesurfacebasedconstraints(ratherthanimagebasedcon-

straints).Thesurfacecurve actsautonomouslyto correctits own shapeby finding a min-

imum to the energy functional. Beforewe canusethis formulationwe mustaddressthe

two issueslisted above. In the following discussionwe usethe formulationfor
F � ILP(NJQRILK0S

to clarify both theseissues.The otherenergy termsgeneralizein a similar fashion. The

previous sectionexaminedthe two componentsof the internalenergy for a curve in
� � .

Our curvesare face-pointcurves: theseareessentiallycurves in
� �

with the additional

constraintthatthey lie onthepolygonalmeshsurface.Considerequation3.4in thecontext

of a face-pointcurve. The first order term minimizesthe integral of the tangentat each

point alongthecurve. By definition,thetangentvectorof a surfacecurve is tangentto the

surface.Thereforefor purposesof evaluatingthefirst ordertermwemayignorethesurface

constraint.

The secondorder term doesnot generalizeto surfacecurves in asstraightforward a

manner. Oneintuition for this termis explainedin figure3.5. Thecurvatureof a surface

curvecanhavecomponentsthatarebothnormalandtangentialto thesurfacethatthecurve
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Figure 3.5. Normal andtangentialcurvaturesfor a surfacecurve. This figure shows our
motivation for penalizingjust that componentof the thin plate term that is tangentialto
the surface. The thin platetermattemptsto minimize the integral of the magnitudeof the
curvature w G&G

of thecurve w . xzy is a surfacecurve with non-zerocurvaturein spaceat the
point shown. However, note that the tangentialcomponenton the surfaceof w GJG

is zero.
This impliesthatat thepoint shown, xzy alreadyminimizescurvatureon thesurfacedespite
the fact that it hasa nonzerocurvaturein space.x|{ shows yet anothercurve on thesame
surface. In this case,thecurvaturein spaceof a specificpoint on x|{ is shown as w G&G

. The
normalto thesurfaceat thatpoint is } GJp6QRq

. Notethatat thepointshown, x|{ hasanon-zero
curvaturecomponenttangentto thesurface.This is shown in thefigureas w G&Gv~ } GJp6QRq

. It is
thiscomponentof thecurvaturethatweshallminimize.
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lies on. It is the componentof the curvaturethat is tangentialto the surfacethat we are

interestedin minimizing. This is easilyexplained. Whichever paththe curve takeson a

surface,at eachpoint on the curve its curvaturevectorwill in generalhave a component

thatis normalto thesurfaceat thatpoint. Thisvectoris actuallythecurvatureof thesurface

itselfalongthetangentto thecurveatthatpoint. Thereforeaminimumenergy surfacecurve

maypossessa non-zeronormalcomponentto its curvatureat eachpoint alongits length.

As before,this componentcorrespondsto thecurvatureof thesurfacealongthedirection

of thetangentto theminimumenergy curveat thatpoint. Thusthenormalcomponentof a

surfacecurve’scurvatureis a functionof theunderlyingsurface.As suchit is unavoidably

non-zeroif thesurfacehasnon-zerocurvatureandshouldnot bepenalized.Thereforeour

secondorder term only penalizesthe componentof the surfacecurve’s curvaturethat is

tangentto thesurface.With theforegoingdiscussionin mind theinternalenergy cannow

bewrittenas:

F � ILP(NJQRILK0S � B'��Di�0�e�gf'��DE�ih B G h � Ukjl�&DE�ih B GJG6�2���&�E�R� �ZBC�Z�i�O�Eh � _`D (3.6)

where
���&�E�J� �ZB'� �i�0� refersto thenormalto thesurfaceat thesurfacepointcorrespondingto

thepoint on thecurve givenby B'�&DE� . Borrowing Barr et al’s ([Barr et al. 1992])notation,

weuseB�� � B�� to denoteavectordefinedasfollows:

B�� � B�����B��1� Be��;WB��B$��;WB�� B��
This ensuresthat � Be� � B$�$�O;(B$����a i.e. that B�� � B�� is the vectorobtainedby subtracting

from B�� its componentin the B�� direction. For convenience,in the following discussion

we will continueto use B G&G
to explain our surfacecurve implementation.In light of the

foregoing discussion,this term shouldbe interpretedasthe tangentialcomponentof the

curvaturevectori.e. as B GJGv�2�����E�R�
.

Note that equation3.6 doesnot explicitly ensurethat the curve will remainon the

surface.Ratherit ensuresthattheenergy of thesurfacecurve is computedin ameaningful

manner. One methodfor imposingthe additionalsurfaceconstraintcould be to add a

mathematicalcondition to equation3.6 that accomplishesthe desiredeffect. This is a

reasonableoptionif thesurfacehasa globaldescriptionfor surfaceposition(e.g. �<� +��c�
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a ). In this caseone could substitutethe curve equationinto the surfaceequation(e.g.

�<� B'�&DE�O����a ) andoptimizethe curve with this asa constraint.However, our polygonal

meshesareunparameterizedanddo not have a closedform equationthatdescribesthem.

Givenour curve representation(a seriesof face-points),aneffective methodof imposing

thesurfaceconstraintis to ensurethateachof theindividual face-pointsof a curve always

stayon somefacetof thepolygonalmeshevenasthe curve movestowardsits minimum

energy configuration.

3.6 Surfacesnakes:an implementation

The problemposedby equation3.6 is a type of variationalproblem[Weinstock1974].

Practicalalgorithmsthatsolve variationalproblemscomein two flavors: thefinite differ-

enceapproachandthe finite elementapproach.The finite differenceapproachstartsby

consideringanequivalentstatementof equation3.4asasetof differentialequations.These

comefrom apracticalresultof thecalculusof variations[Weinstock1974]thatshows that

a curve that minimizesequation3.4 alsominimizesthe setof differentialequations(the

Eulerequations)givenby:

FH��p6S�NJQ � B)�e� _ � jeB G&G
_`D � � _`f�B G

_�D ��a (3.7)

For thesakeof simplicity weareconsideringherejust theinternalenergy terms.Weextend

theformulationto includeotherkindsof energy termsin latersections.

Finitedifferenceapproachesapproximatethecontinuoussolutionto theEulerequations

usinga setof discretedifferenceequations.This strategy reducesthecurve representation

to a set of points in space. Therefore,we lose the original continuity of the solution.

However it is acomputationallysimpleandaneasilyextensibleapproach.

A secondapproachto solving our minimum energy equationis the finite element

method. In this casethe desiredsolution is representedas a weightedsum of a set of

carefullychosenbasisfunctions.Theoptimizationprocessseeksto find theoptimalsetof

weights(for thesebasisfunctions)that would result in a minimum energy solution. We

referthereaderto CelnikerandGossard’swork [Celniker& Gossard1991]ondeformable



CHAPTER3. SURFACE CURVE FORMULATION 44

curve andsurfacedesignfor an exampleof using the finite elementtechniqueto create

minimumenergy curvesandsurfaces.For our application,a finite elementsolutionwould

requirethat we constructan appropriatesetof smoothbasisfunctionsover an irregular,

unparameterizedpolygonalmanifold. This is a challengingtaskin itself andremainsan

openproblem[Welch& Witkin 1994,Eck et al. 1995]. A variationof this strategy could

beto usebasisfunctionsin
���

(i.e. no surfaceconstraints).However this strategy would

ultimatelyhave to resortto creatingprojectionsof spacecurveson thepolygonalsurface.

Thissolutionis notacceptableto ussinceit runscounterto ouroriginalreasonsfor creating

a surfacecurve formulation(i.e. thatprojectionis in generalnon-robustandcouldleadto

un-intuitive interactions).We have thereforechosento usea finite differencesolutionon

oursampledface-pointsurfacecurve representation.

3.6.1 A finite differencesolution

Our goal is to generatea minimum energy face-pointcurve given a setof user-imposed

constraintsandperhapsa setof surface-basedconstraints.Our solutionstrategy is to find

thediscretizedversionof theEulerequationsandsolve theresultingdifferenceequations

for our solution. For simplicity, andwithout lossof generality, we explain theminimiza-

tion processusingonly thestretchingandbendingenergy terms(acurve’s internalenergy).

Onceourbasicsolutionparadigmis explainedwe mayextendit in a straightforwardman-

nerby addingotherenergy terms.

Given just the stretchingandbendingtermsof equation3.6 the correspondingEuler

equationsareasgivenin equation3.7. Thediscreteform for the internalenergy termsis

writtenasfollows: F � ILP(NJQRILK0S � B)�e� � F � B'���O�O� (3.8)

whereB'���O� is the � -th face-pointandthesummationis assumedto beovertheface-pointsof

thesurfacecurve. Approximatingthederivativeswith their correspondingfinite difference

approximations,the“energy” contributionof the � -th face-pointis givenby:

F � B'���O�O�e�gf �7� B � ��B � r � � �i�"��� � Ukj �d� B � r � � � B � U�B �   � � �E�2����¡ (3.9)
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where� is thesamplespacing(assumedto beuniformhere).

The discreteversionof the Euler equations(for an individual face-point)is therefore

givenby thediscreteversionof equation3.7:

FH�¢p6S£N&Q �ZBC�(�d�0�=� j �   � � B � � � B �   � UnB �Z  � �¤Ukj � r � �ZB � r � � � B � r � U�B � �
� � j � � B � r � � � B � UnB �   � �����f �   � �ZB �   � ��B � ���¥f � � B � �nB � r � �O� (3.10)

� a
Notethatwehavedroppedthedenominatorsfromtheexpressionsfor thediscretederivative

andcurvaturein thisequation.In reality, theseweightsaffect therelativeimportanceof the

first andsecondterms;however, in ourdiscussionswewill subsumetheseweightsinto the

j ’s. In two dimensionsthe above equationcanbeconvenientlyexpressedin the form of

a matrix equationthatmaybesolvedusinganimplicit Eulermethod.We referthereader

to thework of Kasset al. [Kasset al. 1988]for a discussionof theissuesinvolvedin such

a solution. What is worth notinghereis for our implementation,a matrix basedsolution

cannotfactorin the point-on-surfaceconstraint.Our iterationsmustthereforebeexplicit

Euleriterations[Strang1986],i.e. wemustexplicitly enforcethesurfaceconstraintateach

iterationstep.

We proposeanexplicit iterative solutionthatat every iterationmoveseachfacepoint

of thesurfacecurve by somedistanceon thesurface.Whenwe starttheminimumenergy

iterationthe internalenergy of thecurve is non-zero.Theexactnumericalvalueis given

by the valueof
FH��p6S�NJQ

. The directionanddistancemoved by the surface-snake (on the

polygonalmesh)arecomputedsothatthevalueof
Fc�¢p6S�NJQ

is reducedateachiterationstep.

The iterationproceedsin this manneruntil thesurfacecurve reachesits minimumenergy

configuration.Therearetwo stepsin our iterative energy minimizationprocess(which is

essentiallya relaxationprocess):

1. First, basedon the expressionfor
FH��p6S�NJQ

we infer a distanceand direction to be

movedby eachindividual face-point.

2. Second,we slide the face-pointsto new positionson the surface,accordingto the
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computeddistanceanddirection.

Thedistanceanddirectionto bemovedbyeachface-pointateachiterativestepiscomputed

in the form of a “force” actingon the individual face-points.We call the set of forces

computedfrom theexpressionfor
FH�¢pvS�NJQ

asthevariationalEuler forces.

To our knowledge,no prior work on surfacecurves hasattempteda solution to our

kind of variationalproblembasedon a decompositionof theenergy termsasforces. It is

worth noting that,wherepossible,an implicit Euler solutionsuchasthe oneexemplified

by Kasset al. is preferablefor reasonsof efficiency overanexplicit solutionsuchasours.

Howeverasnotedearlier, accomodatingtheadditionalconstraintof keepingourcurveson

thepolygonalmeshsurfacewhile usingthissolutionis anopenproblem.

Thefirst stepin our solutionthenis to decomposethediscretizedEulerequationsinto

a setof forceson individual face-points.We rewrite equation3.10 for ¦�§ (i.e. the i-th

face-point)asfollows:

¨c©¢ª6«�¬J2® ¦ ®�¯O°O°�±�²<®&³ §R´$§ µ § ¶�· ²¥³ § ¸�·0´$§^µ § ¸�· ²�¹¢®^¹�º §J»e§ ²¼º § ¶�·d»e§ ¶�· ²½º § ¸�·O»e§ ¸�· °O° (3.11)

where

´5§^µ ¾ ± ¦¢¾ ² ¦�§J¿À»e§ ± ¦¢§ ¸�·�Á�¦�§ ¶�· ²Â¹ ¦�§¹
´$§ µ § ¶�· is proportionalto the discretebackward tangentat ¦�§ , ´$§^µ §Z¸�· is proportionalto the

discreteforwardtangentat ¦�§ and »e§ is proportionalto thediscretecurvatureat ¦¢§ (assum-

ing thesamplespacingsareuniform). At someintermediatestageof our iterative energy

minimizationprocesstheabove expressionis nonzero. In orderto reachequilibrium(i.e.

zeroout theexpression)weproposeto exerta force ´ R¬&ÃJª6«�Ä(Å0ÆLÄ7®�¯O°
on the

¯
-th face-pointthat

wouldallow theface-pointto reachits minimumenergy state.́
R¬JÃ&ª6«£Ä(ÅTÆ�Ä

is givenby:

´ R¬&ÃJª6«�Ä(Å0ÆLÄ7®�¯O°=± ²Ç¨ § Æ�Ä(¬&RÆ�ÅT«0® ¦ ®�¯O°O°
± ³ §&´$§^µ § ¶�·¤Á ³ § ¸�·O´5§^µ § ¸�·

Á ¹�®�¹�º §&»e§ ²½º § ¶�·O»e§ ¶�· ²½º § ¸�·O»e§Z¸�· ° (3.12)

We cannow interpreteachof the five discretetermsin the above equationasindividual

componentforcesactingon the face-point¦�§ . We call thesefive forcesthe variational
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Euler forcesto indicatethat they’re derivedfrom the variationalequationscorresponding

to ourminimum(internal)energy curveequation.

Figure3.6suppliesmoreintuition for theseforces. Theforwardtangent́$§^µ §Z¸�· moves

F F
Ci, i −1 i, i+1

v

v v
i−1 i+1

i

(a) (b)

i

Mid point of v     and v
i−1 i+1

vi

Figure3.6. DecomposingthediscreteEulerequationsinto forceson individual face-points.
(a) shows the forcescorrespondingto thediscreteforward ( È §^µ § ¸�· ) andbackward tangents
( È §^µ §Z¶�· ) at É § . (b) shows theforcecorrespondingto thecurvatureterm Ê § .

¦�§ towards ¦�§ ¸�· and the backward tangent́$§ µ § ¶�· movesit towards ¦¢§ ¶�· . The curvature

force »e§ moves ¦�§ towardsthemid-pointof its two neighboringpoints.

Considertheresultantof thefirst two variationalEulerforces.This termrepresentsthe

force dueto the membraneenergy term. Figure3.7asuppliesan intuition for this term.

If the weightsarechosenappropriately, this term movesthe point to a new locationthat

lies in-betweenits two neighbors.Similarly, theresultantof thelastthreevariationalEuler

forcesrepresentstheforcedueto thethin plateterm. Figure3.7bsuppliesanintuition for

thisterm.Thisforcemakesthecurvelocally curvaturecontinuousto theneighboringcurve

segments. Noteall theseforcesaredefinedin Euclideanspacei.e. they donotencodeour

knowledgeof surfacegeometry. Following theargumentsof section3.5.3we useonly the

componentof theseforcesthatliesonthelocal tangentplaneof thesurface.Thisprojected

forceis usedto movethesurfacepoint to a new locationon thesurface.

To summarizeour basicsurfacesnake formulation: eachenergy minimizationtermis

reducedto asetof appropriateforcesactingon individualface-pointsof oursurfacecurve.

The componentof theseforcesthat is tangentto the surfaceis usedto slide theseface-

pointsover thesurfaceto their new positionson thesurface.At equilibrium,theresultant
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Figure3.7. VariationalEulerforces:a2-D visualizationof resultantscorrespondingto each
of themembraneandthin plateterms.(a) shows theresultantof thefirst two terms(i.e. the
membraneterm) from equation3.11. The forcevectorcorrespondingto this resultantis a
linearcombinationof the forwardandbackward tangentvectors.If Ì §5Í Ì § ¸�·ÀÎÐÏEÑ(Ò then
at leastin two dimensionsthe resultantwill move É § to a point on the line joining its two
neighbors(shown asahollow circle). (b) showstheresultantof thesecondterm(i.e. thethin
plateterm)in theequationwhen Ê § Î�Ò . This forceattemptsto makethecurveat É § locally
curvaturecontinuousto theneighboringcurvesegments.Onceagainthefinal positionof É §
is shown asahollow circle.
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tangentialforceoneachface-pointis zeroandthesurfacesnakereachesits desiredminimal

energy state.

3.6.2 Setting the continuity control functions

An importantissueto addressin our energy minimizationstrategy is what the continuity

control functions(i.e. theweights
³ § and

º § ) shouldbe. Varyingthe relative strengthsof

thesefunctionscontrolsthe “stif fness”of the curve (seesection3.5.1). In an interactive

environment,it is desirableto provideusercontrolover thisparameter. Unfortunately, this

issuehasnot beenadequatelyaddressedin theliteratureon2-D snakes.We offer hereone

possiblestrategy for usercontrolover thesefunctionsfor surfacesnakes.

One methodto provide the usercontrol over curve stiffnessmight be to offer local

controloverthevalueof
³ § and

º § for eachface-point.While thiswouldbestraightforward

to implement,it would provide a cumbersomeinterfaceto the user. Instead,let us make

theassumptionthatboth
³ § and

º § areconstantfunctionsover the lengthof somesection

of thecurve i.e. ³ § ±Ð³ ¿ º § ±Âº
Varying

³
and

º
now controlsthestiffnessof theentirecurvesection.For thiscurvesection

equation3.12cannow bere-writtenas:

´ R¬JÃ&ª6«£ÄO®�¯d°=± ³ ´$§^µ §Z¶�·¤Á ³ ´5§^µ § ¸�·�Á ¹¢®^¹�º »e§ ²kº »e§ ¶�· ²½º »e§ ¸�· °± ¹s³ »e§ÓÁ ¹Lº1®^¹ »e§ ² »e§ ¶�· ² »e§ ¸�· ° (3.13)

since

´$§^µ §Z¶�·¤ÁÂ´$§^µ §Z¸�· ±�¹ »e§
Wecanfurtherre-writethisequationas:

´ J¬JÃJª6«�Ä7®�¯O°e±gÔ�Õ6Å §  ´ ÕvÅ § "®�¯d° Á Ô�Ö^ª6R×YÅ0Ä(ª6R¬ ´ Ö^ª6R×YÅ0Ä(ª6R¬"®�¯O°
(3.14)

where Ô�Õ6Å § |±�¹�³ ¿ ÔÇÖ^ªvJ×TÅTÄ(ª6R¬'±Ð¹Lº
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arethenew (constant)continuitycontrolfunctionsand

´ Õ6Å § À± »e§J¿Â´ Ö^ª6R×YÅ0Ä(ª6R¬C±Ð¹ »e§ ² »e§ ¶�· ² »e§ ¸�·
Wecall theselasttwo expressionsthefairnessandcurvature forcesrespectively. Fromour

earlierdiscussionthefairnessforcesimplyrepresentsthemembraneenergy term.It moves

eachpoint to themid-pointof its two neighbors.Similarly thecurvatureforcerepresents

thethin plateenergy term. It makesthecurve locally curvaturecontinuouswith respectto

the neighboringcurve segments(figures3.6band 3.7b). Our useof the term fairnessis

motivatedby its usein thegeometricinterpolationliterature[Halsteadet al. 1993]. In that

domain,thefairnessof aninterpolatingcurveor surfaceis a measureof its smoothness.

Notethatthefairnessandcurvatureforceshavepotentiallyconflictinggoals.Thefair-

nessterm attemptsto minimize the length of the curve. Intuitively, this meansthat it

straightensout(onthesurface)curvedpartsof theface-pointcurves.Thecurvaturetermon

theotherhandattemptsto make a surfacecurve’s (tangential)curvature,continuousover

its entirelengthi.e. it smoothsthe curve only to the extent necessaryto attaincurvature

continuity. Equation3.14providesa simpleframework for controlling the global curva-

turepropertiesof a surfacecurve. Assigning
Ô�Õ6Å §  a higherweightproducestight, length

minimizing surfacecurvesandassigning
ÔÇÖ�ª6R×YÅTÄ(ª6R¬

a higherweightproducescurvesthat

tendto besmoothandyet retaintheir existing curvatureproperties(i.e. a highly “curvy”

surface-curve is likely to retainits high curvaturepropertiesin anequilibriumstate).Fig-

ure3.8showsanexamplewheretherelativeweightsof thecurvatureandfairnesstermare

variedfor a surfacecurve. As thefigureillustrates,aflexible setof editingoperationsmay

beperformedwith constantvaluesfor
Ô�Ö^ª6R×YÅ0Ä(ª6R¬

(and
ÔÇÕvÅ §  ) over a sectionof thecurve.

Thedetailsof theinteractionsfor theseeditingoperationsis explainedin section3.8.1.

3.6.3 Creatinguniformly sampledsurfacesnakes

When dealingwith discretizedcurves it is importantto ensurethat the curves are ade-

quatelysampledalongtheir length.A curvethathasanirregulardistributionof pointsover

its lengthis liable to missdetail in sparselysampledregions. More importantlysinceour
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(a) (b) (c)

vi

K             = 0

vi vi

curvature K             = 0.5curvature K             = 1.0curvature

Figure 3.8. Snake continuitycontrol functions. This particulareditingscenarioillustrates
theflexibility offeredby thesurfacesnake formulation.Thepoint É § andthetwo endpoints
of the surfacecurve areconstrainedto be fixed during the energy minimizing iterationof
thesurfacesnake andtheweightof thecurvatureterm Ø Ö^ª6R×YÅ0Ä(ª6R¬

is varied. (a) (b) and(c)
show thefinal stateof arelaxationiterationasthevalueof Ø Ö^ªvJ×TÅTÄ(ª6R¬

is graduallyincreased
When Ø Ö^ª6R×YÅTÄ(ªvJ¬

is zeroonly themembrane(fairness)term is active. Theresultingcurve
behaveslike a tight elasticbandpassingthroughÉ § andthetwo endpoints. Thecurve has
adiscontinuousfirst derivative at É § . As Ø Ö�ª6R×YÅTÄ(ª6R¬

increasesthecurve behavesmorelike a
stiff wire (thin plate)anddistributesits curvatureover theentirecurve.
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snakebasedenergy computationsaremadeonly at thediscretesetof face-points,anirreg-

ular samplingleadsto an inaccurateestimateof snake energy. This in turn canadversely

affect surfacesnake basedediting operations.Figure3.9 illustratestheseproblemswith

an example. Previous literatureon minimum energy 2-D curveshasnot addressedthis

vi

Nsurf

F
result

Planar cross section of
polygonal surface

Piecewise linear 
reconstruction
of a surface snake

Figure 3.9. Maintaininga uniformly sampledsurfacesnake. The figure shows an irregu-
larly sampledsurfacecurve on a planarcrosssectionof a surface. This curve minimizes
the resultantdueto the variationalEuler forces. Note however, that becauseit is not uni-
formly sampledalongits lengthit is analiasedrepresentationof theunderlyingsurfacecross
section.Secondly, sincethesampledcurveis analiasedrepresentationof theunderlyingsur-
facesection,thesnakeenergy termsfor thecurveareincorrectlycomputed.This in turncan
resultin incorrectandun-intuitive editinginteractions.

problembecausetheproblemsimply doesnot arisein 2-D: thefairnessforcewould move

eachpoint towardsthemidpointof its neighborsin two dimensionsensuringthatthepoints

wereevenlydistributedoverthelengthof thecurve. It is with theadditionof thecurve-on-

surfaceconstraintthatthenon-uniformsamplingproblemis introduced.Previousliterature

onsurfacecurveshasnotadequatelyaddressedthis issueeither.

We solve theproblemsassociatedwith non-uniformsurfacesnakesamplingby adding

anadditionalforcetermto ourminimumenergy snakeformulation.This forcemoveseach

face-pointsothat it staysequidistantfrom its neighborsin thesurface-curve. We call this

thesnake arclengthforceterm. A desirablecharacteristicfor thearclengthtermis that it

shouldnotchangetheactualcharacteror shapeof thecurve itself. Ratherit shouldsimply

re-distributetheface-pointsof thesurfacecurvesothatthey areevenlyspaced.

Figure3.10providestheintuition in two dimensions,for thearclengthterm. Thegoal

is tomove ¦¢§ to anew location,suchthatit becomesequidistantfrom its neighbors¦¢§ ¶�· and
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¦�§ ¸�· . Clearly, any destinationpoint on theperpendicularbisectorof theedge
® ¦¢§ ¶�·d¿v¦�§ ¸�· °

will achieve this goal. However, any of the positionson this bisectorwould changethe

shapeof the curve. Our goal is to choosea destinationon this bisectorthat minimally

changesthe global shapeof the curve. Onemethodfor selectingthis optimumposition

could be to fit a non-localhigherorder(polynomial)curve andredistributepointson the

surfaceaccordingto thiscurve.However, thisstrategyhasaproblem:thefittedcurvewould

have to onceagainbeprojectedto the surface. As pointedout earliercurve projectionis

a nonrobustoperationin general.Figure3.10shows threeothercandidatepositionsthat

we could move ¦�§ to. We have found that moving a face-pointdirectly towardsits more

distantneighbor(i.e. ¦�§ ¸�· ) producessatisfactoryresults.Thisstrategy introducesa certain

minimal local smoothingof thecurve but tendsto preserve theglobalshapeandcharacter

of thecurve.

vi

vi−1 vi+1

P1

P2

P3

A smooth curve
through v      , v  , v

i−1 i i+1

P0

Figure 3.10. Thearc lengthcriterion. Thefigureshows a sectionof a face-pointcurve in
two dimensions.É § is to bemovedto anew location,suchthatit satisfiestwo requirements.
First, it shouldbecomeequidistantfrom its neighborsÉ § ¶�· and É § ¸�· . Second,it should
not excessively alter the shape(or character)of the face-pointcurve. P0, P1, P2 andP3
show four candidatedestinationlocations.They all satisfythefirst criterionsincethey lie on
theperpendicularbisectorof thechordjoining É § ¶�· and É § ¸�· . However, P0andP3do not
satisfycriterion2. P0is themid pointof É § ’sneighbors.Moving É § to P0wouldsmoothout
thecurvesectionexcessively. P3is computedbasedonasmoothinterpolatingcurvethrough
thethreepoints.Moving É § to P3alsochangetheshapeof thecurve sectionexcessively. P1
andP2aretwo viablealternativesfor a new locationof É § . Our implementationof thearc
lengthtermchoosesP1to bethenew destinationfor É § . Seethetext for furtherdetails.
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We computethearclengthforceasfollows:

´ ÅTRÖi® ¦�§ °�±ÚÙÛ®dÜ ´$§^µ § ¶�· ÜÀ²ÚÜ ´$§ µ § ¸�· ÜL°iÙÞÝvß Å0àÜ Ývß Å0à�Ü (3.15)

whereÝ6ß ÅTà
is thelargerof ´$§^µ § ¶�· and ´$§^µ §Z¸�· (in magnitude)i.e.

Ývß Å0àá± ´5§^µ § ¶�· if
Ü ´5§^µ § ¶�· ÜCâãÜ ´5§^µ § ¸�· Ü

´5§^µ § ¸�· if
Ü ´5§^µ § ¸�· ÜCâãÜ ´5§^µ § ¶�· Ü

If themagnitudesof theforwardandbackwardtangentshappento beequalthearclength

forceis zero.

Using the arc lengthconstraintwithin our surfacesnake minimumenergy iterationis

trivial: we simply addthearc lengthforce to the variationalEuler forces. Theminimum

energy iterationthenautomaticallyensuresthatthesurfacecurvehasauniformdistribution

of facepointsalongits length.

Note that a more efficient representationfor surfacecurvesmight be one that hasa

lowernumberof samplepointsin regionsof lowersurfacecurvature(andahigherconcen-

tration of face-pointsin regionsof highersurfacecurvature). As explained,our solution

usesuniformly sampledcurvesthataresampledat denseenoughresolutionthat two adja-

centface-pointsareeitheron thesamefaceof themesh,or on adjacentfaces.Therefore,

in flat areasof thesurfacewe might beusingmoreface-pointsthanareactuallynecessary

to accuratelyrepresentthesurfacecurve. An adaptive representationmight bemoreeco-

nomicalwith regardto memoryusage.However in practicethis is notasignificantenough

savingsto warranta non-uniformrepresentationfor thesituationswe have encounteredin

our areasof application.Furthermore,a non-uniformlysampledsurfacecurvewould have

to bedynamicallyupdatedwith regardto face-pointdistribution asit movedover thesur-

facegeometry. In contrasta uniformsurfacecurve representationis trivial to maintainand

update.For thesereasonswe have chosento usea uniform surfacecurve representation

overanon-uniform(i.e. adaptive)one.
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3.7 Speedingup the surfacesnake implementation

Theprevioussectionsuggesteda straightforwardimplementationof thesurfacesnake for-

mulation: at eachiterationstepcomputetheresultantforceon every face-pointandmove

thatface-pointto anew positiononthesurface.Continuethisiteration(whichis essentially

a relaxationprocess)until aminimumenergy configurationis reached.

While this is areasonablerelaxationstrategy, it is notaparticularlyefficientonefor the

densityof our underlyingdatasets.Recallthatwe choseour face-pointcurve’s sampling

rateto besuchthat two face-pointswereseparatedon averageby no morethanthewidth

of onepolygon. Therefore,a denseunderlyingpolygonmeshwill in turn requirethat the

face-pointcurvesbedenselysampled.Thestraightforwardsurfacesnake implementation

on denseface-pointcurvesgivesrise to flaccidor unresponsive surfacesnakesi.e. shape

changesof the snake propagateslowly. Note that this problemis distinct from the one

of maintaininga surfacesnake thatadaptsto surfacecurvature. Thecausefor this ineffi-

ciency is easilyunderstoodwith thehelpof anexample.Consideraneditingoperation(see

section3.8.1)wherea userpulls on oneendof thesnake to move theendpoint to a new

locationonthesurfacei.e. animpulseatoneendof thesnake. Assumingthattheendpoint

thattheuserpullsstaysfixedto its new locationonthesurface,oursurfacesnakemustnow

attaina new minimumenergy statethroughthesnake relaxationprocess.For thesnake to

reachthisstatetheeffectof theeditingoperationmustbeallowedto propagatethroughout

thelengthof thesnake. Wecall this the impulsepropagationcostfor asurfacesnakesince

it measuresthe time an impulseat oneendof thesnake takesto propagatethroughoutits

snake.

Considerthe impulsepropagationcostfor a simplistic relaxationprocess.Sinceeach

minimumenergy iterationpropagatesthe impulseby at most2 face-points(thecurvature

termaffectsuptotwo neighboringface-points)it takes ä ®Tå æç°
iterationsfor theeffectof the

editingoperationto reachtheotherendof thesnake. Sincethecostperrelaxationiteration

is è , the cumulative computationalcostfor the impulseto reachthe oppositeendof the

snake is ä ® è æ °
. Notethat this coststill doesn’t measurethenumberof iterationsbeyond

theseä ® è æ °
stepsthatareneededto reachaminimumenergy state.It merelymeasuresthe

time for an impulseat oneendof thesnake to reachtheotherend. In practice,severalof
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theseä ® è æ °
impulsepropagationstepswill beneededto achievethefinal equilibriumstate

of the surfacesnake. However, the impulsepropagationcostis a reliablemeasureof the

computationalcomplexity of the snake relaxationprocesssincethe impulsepropagation

processis centralto everyminimumenergy iteration.

It is worth noting that in the absenceof a surfaceconstraintthe impulsepropagation

costcould be reducedto ä ® èÐéÛêsëcè °
simply by usingan implicit matrix basedsolution

similar to theoneemployedby Kassetal. [Kassetal. 1988].However, wecannotusethis

solutionstrategy becauseit wouldmeancompromisingourcurve-on-surfaceconstraint.

To make our surfacesnakesmorerigid andresponsive,a fasterimplementationof our

minimumenergy iterationis necessary. We proposea coarse-to-finerelaxationprocedure

that works as follows: for every face-pointon the surfacesnake we computethe forces

on that face-pointbasedon a hierarchyof resolutionsof thesurfacesnake. To betterun-

derstandthis computation,let usconsidertheforwardandbackwardtangentforceson the¯
-th face-point¦�§ basedon this hierarchyof resolutionsof a surfacesnake. Figure3.11

providesanintuition for theseforces.In thefigure,resolutionì is thedefault resolutionof

thesurfacesnake (i.e. thehighestresolution).It has è|í face-points.For purposesof force

computation,resolutionî of thesnakehas

è '± èzí¹Eï
face-points(i.e. we drop every otherface-pointaswe increaseî ). At resolution î , the

forceon ¦¢§ dueto the face-pointon the immediate“left” is labeled́
ï«

andtheforcedue

theneighboron the immediate“right” of ¦�§ is labeled́
ï

. Theseforcesareindicatedin

thefigurefor 3 differentresolutionsof thesnake. Theresultantforce ´ «
on face-point¦�§ is

now givenby aweightedcombinationof theforcesatall theresolutionsof thesnake i.e.

´ R¬JÃ&ªv«�Ä« ±�ð íE´ í« Á ð ·O´ ·« Á ð æ ´
æ« Á ðÀñ ´ ñ« ÁÂò3ò3ò"Á ð|ó ´ ó«

(3.16)

where ô ± éÛêsë æ ® èzí °
A similarexpressioncanbewrittenfor theresultantforcefrom theright of ¦�§ . Theweights
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arecomputedsothat thecoarsertheresolutionof thesnake, thesmallertheweightof the

forcesat thatresolution.Wehaveusedthefollowing weightingmechanism.

ð ï ± ð í¹ ï

vi

F1
l

F2
l F2

r

F1
r

F0
rF0

l

Figure 3.11. Coarse-to-finerelaxationfor snakes. The figure shows the forceson a face-
point É § of the snake due to its immediateneighborsat threedifferent resolutionsof the
snake. The resultantforce dueto the “neighbors”of É § is a weightedcombinationof the
forcesat the different resolutionsof the snake. Theseforcesare thenusedin the snake
minimum energy relaxation. The resultingsnakes are more “rigid” and responsive than
snakesproducedby astaticrelaxationprocess.Seethetext for adetaileddiscussion.

ThevariationalEuler forceson ¦�§ arenow computedbasedon theseresultantforces.

For example,thefairnessforceon ¦�§ is now givenby:

´ Õ6Å § �®(¯d°�± ´ R¬JÃ&ªv«�Ä« ®(¯d° ÁÂ´ R¬&ÃJª6«�Ä ®�¯O°

TheothervariationalEuler forcesarecomputedin a similar fashionto theoneabove. In

practice,this coarse-to-finecomputationis computedby simply selectingout the appro-

priate face-pointsfrom the high resolutionsnake. Thus it is not necessaryto explicitly
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computea numberof resolutionsof thesnake for every singleface-point¦�§ . Thecoarse-

to-finesnakecomputationscanthereforebeimplementedefficiently.

Let usnow considerthecomputationalgainsobtaineddueto our coarse-to-finerelax-

ation process.ComputingEulerianforcesin the mannershown in equation3.16 implies

thattheeffectof animpulseatany pointof thesurfacesnake is immediatelypropagatedto

every otherpoint on the curve in thevery first iteration. However, the costof eachforce

computationis now ä ® éÛêsëHèzí °
(thereare éÛêsëHèzí termsin equation3.16). Thereforethe

total impulsepropagationcostourcoarse-to-fineiterationis ä ® è�éõêsëcè °
.

Thus,insteadof the ä ® è °
iterationsof cost ä ® è °

each,thatwererequiredto propagate

aneffect in thestaticimplementation(i.e. computationsbasedon just thehighestresolu-

tion), wenow needonly asingleiterationof cost ä ® è�éõêsëHè °
. Becauseof this,snakesthat

useourcoarse-to-fineiterationstrategyachievetheirminimalenergy configurationanorder

of magnitudefasterthanfixedresolutionsnakes.In practicethisspeedupmakesoursurface

snakesrigid andresponsivewhich in turnmakesthemusablein aninteractivesetting.

3.8 Applications of surfacesnakes

Thelast two sectionsdescribedanefficient implementationof our surfacesnake formula-

tion. In this sectionwe now explain how our our basesurfacesnake formulationcanbe

extendedto includeexternalenergy constraints(i.e.
¨HÖ^öRÆ�Ã&Ä(RÅ § Æ�Ä from equation3.5)aswell

assurfacebasedenergy constraints(i.e.
¨cÃ&ª6RÕ

from equation3.5). We have implemented

two specificextensionsof our basesurfacesnake formulationto illustrateeachof these

kinds of constraints.The first extensionaddsuser-definedconstraintsto the formulation

thatenableauserof oursystemto performeditingoperationsdirectlyonthesurfacecurve.

Our secondextensionenablestheuserto manipulatesurfacecurvesusingarbitraryscalar

fieldsdefinedon thesurface.We demonstratethis usingtheexampleof surfacecolor (we

useonly asinglechannelof thecolor)asscalarvaluesateverymeshvertex.

Recallthatthesurfacesnakeis essentiallyacontrolledcontinuitysplinewhoseinternal

energy termsarebasedonacombinationof amembraneandathin plateterm.Oursolution

strategy convertsthe discretizedvariationalform of the surfacesnake’s minimumenergy

equation(equation3.5) into a setof forcesactingon individual face-points.Theseforces
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arein turn usedin an iterative procedurethat pushesthe surfacesnake into its minimum

energy configuration.

It is straightforward to seethat any new energy measuresthat aredifferent from the

onesour surfacesnakesalreadypossesscouldbeaddedto our solutionusingthestrategy

outlinedabove i.e.

÷ First,addtheenergy measureto theexisting thin plateandmembraneenergy terms.

÷ Second,derive thediscretevariationalform of thenew minimumenergy equation.

÷ Third, computea new setof forceson individual face-pointsbasedon the discrete

Eulerequations.

However, sincewe eventuallyusea forcebasedrelaxationstrategy a simpleralternative is

to bypassthefirst two stepsanddirectly derivea new setof forcesbasedon our intuitions

for theenergy measurebeingincluded.In thenext two sectionswehaveemployedthis last

strategy for thetwo extensionsmentionedabove.

3.8.1 Curveediting with surfacesnakes

Surfacesnakescanbeeditedusingmechanismssimilar to thoseusedfor conventional2-D

snake editing. For exampleKasset al. [Kasset al. 1988] discussthe useof “volcanos”

(a radial vectorfield originatingat a point) to influenceedit snake behavior. Figure3.12

explains our surfacesnake editing paradigm. First, the user identifiesa sectionof the

surfacecurvethatis to beedited.In oursystemthisis accomplishedby pickingaface-point

of thesurfacecurveandby specifyingasymmetricallengthof curvearoundthisface-point.

Wecall thepickedface-pointaneditpointof thesurfacesnakeandthesymmetricalsection

aroundtheedit point anedit section. Theedit point canbeanarbitraryfacepoint of the

surfacesnake andthelengthof theedit sectioncantake on anarbitraryvaluelimited only

by thelengthof thesurfacesnake itself.

Oncetheeditpointandeditsectionhavebeenidentified,theuserpullsontheeditpoint

in anarbitrarydirectionin screenspace.Our systemconvertsthis userinteractioninto a

forceontheeditpoint thatis tangentialto thesurfaceat thatpoint. This forcenow replaces

the variationalEuler forcesat the edit point. It is worth noting that the variationalEuler
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forcesareno longerusedto move the edit point itself. Ratherits movementis dictated

solelyby theuserspecifiedforce. Thereforeif theuserceasestheapplicationof theforce

at theedit point, it doesnot movefrom its new locationon thesurface.

Let us assumethat the userhasmovedan edit point to a new locationon the surface

usingtheediting interactiondescribedabove. As a next stepwe mustupdatethesurface

curvebasedontheusersinput.Toaccomplishthisweuseourrelaxationstrategyselectively

on theedit section.We modify our relaxationprocesssuchthatonly theface-pointsof the

edit section,with the exceptionof the edit point itself, aremoved. Therefore,during the

minimum energy iteration, the two end points of the sectionare fixed to their original

positionson the surfacewhile the edit point is fixed to its userspecifiedlocationon the

surface.This strategy producesa smoothinterpolationon thesurfaceof theedit point and

the end points of the section. Exceptfor the edit section,the rest of the surfacecurve

is not modifiedby this editing operation.Therefore,in a global senseour surfacecurve

no longersatisfiesour minimum energy criteria. However, the edit sectionitself attains

a smoothminimumenergy configurationundertheconstraintsthat its two endpointsand

the edit point are at fixed locations. As before, the usercan vary the relative weights

of the curvatureandfairnesstermsto modify the shapeof the editedcurve section(see

section3.6.2).

The curve editing operationdescribedabove two main advantagesover the spacecurve

basededitingparadigmthatwedescribedin section3.3:

÷ It is moreintuitiveto usesincetheuserdirectlymanipulatesthesurfacecurvesrather

thanthroughan indirectmechanismsuchasthemanipulationof controlverticesof

anassociatedB-splinespacecurve.

÷ It is more robust to abruptchangesin surfacecurvature. As explainedearlier, if

the spacecurve that is being usedfor editing purposesdoesnot have a plausible

projectionon the surface(e.g. at high curvatureregionsof the surface)the space

curveeditingparadigmis proneto non-robustbehavior.

Surfacesnakeeditingoffersanothernotableadvantageoverspacecurveediting: theability

to usesurfacepropertiesfor curve editingpurposes.This would bedifficult to accomplish

with a spacecurve basedediting approach.We discussthis in the next section. Despite
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Fuser

Figure 3.12. Surfacesnake basedcurve editing. The figure shows the interactionthat we
haveprovidedfor surfacesnakebasedcurveediting.A userpicksaneditpointonthesurface
curve (shown asa solid circle) andanedit sectionaroundthatpoint (shown darker thanthe
restof thecurve). Theedit point canbeany arbitraryface-pointof thesurfacecurve. The
userperformsaneditingoperationby pulling on theedit point in anarbitrarydirection(in
screenspace).This interactionis modeledasa forceon theedit point that is tangentialto
the surfaceat that point. This force is thenusedin conjunctionwith our variationalEuler
forcesin thesurfacesnake relaxationprocess.Theresultof this relaxationprocessproduces
oureditedresult.Oneexampleof aneditedsurfacesnake is shown in thefigureontheright.
Notethattheeditsectionstayssmoothlyattachedto therestof thecurve i.e. it maintainsÊ ·
continuityat theboundariesof theeditsection.It is worthnotingthatextremedeformations
of theeditsectioncangenerateasharplookingcornerat theboundariesof thesection.This
is becauseour surface-curve representationis discrete.As suchif the samplingdensityis
insufficient,highcurvatureregionsof thecurve canappearsharpi.e. as Ê · discontinuities.
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thepitfalls associatedwith spacecurve editing,theapproachdoeshave someadvantages.

For exampleit is a familiar editingparadigm(seesection3.3). Furthermore,theproblems

with spacecurve basedediting approachmay be partially alleviated when it is usedin

conjuctionwith thesurfacesnake formulation.Therefore,in oursystemwe haveprovided

the userwith bothsurfacesnake basedediting toolsaswell asspacecurve basedediting

tools. The usercanchooseto useeitheroneof thesetools (or a combinationthereof)to

manipulateapatchboundarycurve. Someexamplesof theeditingtechniquesexplainedin

thissectionaredemonstratedin figure3.13.

3.8.2 Usingsurfacecolor for curveediting

In thissectionweproposeatool for surfacesnakecolorattraction. Usingthistool asurface

snakecanbemadetoconformtoashapedefinedby thecolorinformationontheunderlying

polygonalmeshvertices.Kasset al. [Kasset al. 1988]demonstratesimilar tools for 2-D

snakeson images.In our discussionswe will treatcolor asa scalarentity. Convertingan®�ø ¿0ù5¿3ú ° colorvalueto ascalarcanbeaccomplishedin astraightforwardwayby eitherusing

asinglecolorchannelor by computingthemagnitudeof thecolorvector. As such,ourtool

maybeusedwith trivial modificationsfor arbitraryscalarfieldsdefinedon thepolygonal

surface(e.g.Gaussiancurvature).

This tool hasseveral usefulapplications.Consideran input polygonalmeshcreated

by scanningin a physicalobjecton which the intendedpatchboundariesarephysically

paintedon it. Our input in this casewould bea densepolygonalmeshwith anadditional

pervertex color. In thissituationourcolorattractiontool allowsauserto preciselyposition

the patchboundarycurvesbasedon surfacecolor. Anotherapplicationof this tool is for

creatingsurfacecurvesthat follow in creasesor folds (i.e. highly curved regions)of the

polygonalmesh.In thiscase,Gaussiancurvature(beingascalarvalue)maybesubstituted

for color in thecolor attractiontool. The tool could thenbeusedto automaticallyattract

boundarycurvesinto therequiredcreasesandfoldson thesurface.

As before,our methodfor implementingthe color attractiontool works in two steps:

first,wederiveanew setof colorattractionforces(ontheindividualface-pointsof asurface

curve) thatcaptureour intuitionsfor adesirableminimumenergy solution.Second,weuse
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Figure 3.13. This figuresshows a sequenceof stepsin paintingandediting a surfacecurve on the polygonalmesh
of a wolf ’s head. In eachof the imagesthe white curve shows the surfacecurve beingedited. (a) shows the crudeinitial
curve paintedby theuser. (b) shows theresultsof a minor smoothingoperationthatsmoothsthecurve without changingits
character. Thisresultis obtainedby usingjust theinternalenergy surfacesnake terms.(c) through(e)show spacecurvebased
editingandsomeproblemsassociatedwith theparadigm.A B-splinecurve thatwasfit to thesurfacecurve is usedto movea
sectionof thesurfacecurve from thepositionin (c) through(d). Thecontrolmeshfor this curve is shown asagreenpolyline
with controlpointsshown aswhite crosses.Theyellow curve shows thepositionof thespacecurve. As thesplinecurve is
manipulatedin space,it dragsthesurfacecurve with it. Notethat theeditedsurfacecurve shown in (d) appearsto “wiggle”.
Thereasonfor this becomesapparentin image(e): theuserhasmovedthespacecurve (i.e. its controlpoints)far away from
thesurface.As a resultspacecurve projectionis no longerrobust. (f) through(j) show a sequenceof surfacesnake editsthat
achieve thefinal resultin (k). Notethatsnake basededitingdoesnot suffer from thelimitationsof spacecurve basedediting.
Theedit sectionsareshown in greenandtheedit point is shown asa setof coloredarrows. Noticethat theusercanchoose
arbitraryedit pointson thecurve, andarbitrarylengthsfor theedit section.Thepaintingandeditingoperationsshown here
wereall performedat interactive speeds.Thismodelwassuppliedby IndustrialLight andMagic.
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thesesetof forcesin conjuctionwith existingminimumenergy forcesin oursurfacesnake

relaxationalgorithm.

In accordancewith this two-stepapproach,let usfirst focuson thecomputationof the

color attractionforces. Sincewe would like our surfacesnakesto conformto underlying

surfacecolor, a reasonablestrategy for computingtheseforcesmight beto attractindivid-

ual face-pointsto any nearbymeshvertex with a non-zerocolor valueon the polygonal

surface.Unfortunately, this straightforwardapproachproducesunstableminimumenergy

configurations.Thereasonsfor thisnon-robustbehavior aretwo-fold. First, themagnitude

of surfacecolor tendsto vary irregularly over thesurface.A coloredsectionof thepolyg-

onalmeshthatwe areattractingour snake to is typically a ribbon(of coloredvertices)of

irregularwidth ratherthana well defined,thin, smoothribbonof color. Second,sincethe

colordatais definedonly atmeshverticestheboundaryof acoloredregion tendsto posses

a “jagged”outline.

A bettersolutionis to derivea forcebasedon thecolorgradient.Themagnitudeof the

color gradientestablishesthe edge(or boundary)of a paintedsectionof the meshwhile

thedirectionof thecolor gradientis usedto propelthesurfacecurve into thesmoothzero

gradientinterior of the coloredregion. We definethe gradient force as the force at an

arbitrary face-pointdue to the surfacecolor gradient. Figure3.14 explains the gradient

force computationfor irregular polygonalsurfacesfor a vertex û$í with color magnitudeü í . Let the

ô
verticesconnectedto û$í belabeledas ûe· throughû ó

with colormagnitudesü · through
ü ó

respectively. Wecomputethecolorgradientat û$í as:

ý í ± ó
§ þ�·

® ü § ² ü í °E® û¤§ ² û$í ° (3.17)

Wecomputeandstorethisgradientateachof themeshvertices.At anarbitraryface-point

thegradientforce is givenby an interpolationof thegradientsat theverticesof that face,

basedon thebarycentriccoordinatesof the face-point.This gradientforcenow becomes

thecolorattractionforceon thatparticularface-point.

Figure3.15providesanintuition for how ourcomputedcolorattractionforcesareused

in the surfacesnake relaxationstrategy. At eachface-pointof the surfacecurve, we add

to thevariationalEulerianforcesanadditionalforcedueto color attraction.This force is
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Figure 3.14. Computationof the color gradientat a vertex. ÿ Ò through ÿ�� representthe
color magnitudesat theverticesshown. We computethecolorgradientasa weightedcom-
binationof vectorscorrespondingto outwardpointingedgesfrom thevertex to all its neigh-
bors.Weightsareassignedbasedonthedifferencesin themagnitudesof scalarvaluesat the
vertices.Seeequation3.17andthetext for furtherdetails.

computedasthecomponentof thegradientforceat that face-pointthat is in thedirection

of thenormal(onthesurface)to thecurve i.e. wedonotusethecomponentof thegradient

forcethatis tangentialto thecurveat thatface-point.This is becausethetangentialcompo-

nentof thegradientforcecanonly causea redistributionof face-pointsalongthelengthof

thecurve. Recallthatthedistribution of our face-pointsalongthesurfacecurve is already

addressedby the arc lengthcriterion. Therefore,includingan additionaltangentialforce

at eachface-pointof thesurfacecurve will interferewith thearc lengthcriterion. This is

undesirablesinceit cancausea bunchingup of face-pointsalongsectionsof the surface

snake. For this reasonwe excludethe tangentialcomponentto thecurve (on thesurface)

of thegradientforcefrom ourcolorattractionforcecomputation.

The resultantforce on a particularface-point¦¢§ of the surfacesnake is given by a

weightedcombinationof thecolorattractionforceandthevariationalEulerforces.

´ R¬JÃ&ª6«£Ä7®(¯d°�±�Ô § Æ�Ä(¬&RÆ�ÅT« ´$§ ÆLÄ(¬JRÆLÅ0«T®�¯O° Á ÔÇÖ�öJ«£öR ´ Ö^öR«�öR2®�¯d°
(3.18)

By varyingtherelativeweightsof thesetermsausercandeterminehow closelythesurface

snakefollowssurfacecolorinformation.A higherrelativevalueof
Ô�Ö^öR«�öR

makesthesurface

snakeconformmorecloselytosurfacecolor(attheexpenseof internalenergy). Thissetting

is appropriatefor caseswherethesuppliedcolor informationis preciseandwell defined.

Ontheotherhandif thesuppliedcolorinformationisnoisyor irregular, alower
Ô�Ö^öR«�öR

value
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Figure 3.15. Using the color attractionforce during surfacesnake relaxation. The figure
shows the computationof the color attractionforce at an arbitraryface-point(shown asa
solid circle) of a surfacecurve. First we computethe gradientforce � R¬JÃ&ª6«£Ä at the face-
point. Secondwe extract thecomponentof this gradientforcethat is normalto thesurface
curve (andtangentialto the surfaceitself) at the face-point. Therefore,if the normal(on
the surface)to the curve is given by � Ö�ª6R×

the color attractionforce is given by ��� R¬JÃ&ª6«£Ä��� Ö^ª6R×
	 � Ö^ª6R×
. This force is now usedin conjunctionwith the variationalEuler forcesto

move thesurfacecurve to its minimumenergy location.

is preferable.This weightingensuresthat the snake is only roughly guidedby the noisy

surfacecolor information.Someresultsof thetechniquesof this sectionaredemonstrated

in figure3.16.

3.9 Summary

Curve editing operationssuchas the onesexplainedin the last sectiondemonstratethe

flexibility of our surfacesnake formulation. First, sincetools basedon surfacesnakes

operatedirectly on the surfacecurve (ratherthan indirectly througha spacecurve) they

aremoreintuitive to usethantoolsbasedon spacecurves. Second,they aremorerobust

to abruptchangesin surfacecurvature. Finally, our surfacesnake formulationallows the

effective useof surfacepropertiessuchasvertex color to assistin the curve paintingand

editing process.Suchoperationswould not have beenpossibleto duplicateusingspace

curvebasedediting.

Our curve paintingandediting tools (i.e. both spacecurve andsurfacesnake based
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Figure 3.16. (a) through(f) demonstratecolor attractionof a surfacecurve (a featurecurve) drawn on thewolf ’s head.
For thisparticularexample,theyellow bandof colorwaspaintedin by auser. In general,thiscolor couldhave comefrom an
arbitrarysourcee.g.asinputfrom alaserscannerthatcapturescoloraswell asdepthdata.Notethatin thisparticularcase,the
curve couldhave beenpaintedin directlyby theuser. However, weareusingthisexamplemerelyto demonstratetheconcept
of color attraction.Theuserspecifiesa crudeinitial surfacecurve shown in green.Thesurfacecolor thenattractsthis crude
surfacecurve sothatit passessmoothlythroughtheirregularlypaintedsurface.Thefinal locationof thecurve is shown in (f).
Two intermediatelocationsof thesurfacecurveduringthecolorattractionprocessareshown in (c) and(e). (b) shows adetail
of a region of thesurfacecurve. Themagnitudeanddirectionof thecolor attractionforcefield areshown asbluearrows. (d)
showsafurthermagnificationof partof theimagein (b). This imageshows thegradientfield onthesurfacedueto thesurface
color in theform of redtippedarrows. Thevectorsareselectively displayedat meshvertices.Thecolor attractionforcefield
is computedbasedon this gradientfield. Note that thefinal surfacecurve in (f) passessmoothlythroughthe interior of the
coloredregion.
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(a) (b)

Figure 3.17. TheArmadillo (shown in (a)) hasabout200surfacecurvesand104patches.As notedearlierit hasabout
350,000polygons. The curve placementandediting of this curve set took about2 hours. Most of this time wasspentin
interactive operationsratherthancomputation.(b) shows a polygonalmeshof anactionfigurecalledBofar (Bofar appears
herecourtesyof Domi Piturroof SynthesisStudio,SanFransisco).TheBofar meshhasabout450,000polygons.It has12
patchesand33 boundarycurves. In additioneachpatchhasoneor morefeaturecurves(shown in purple)thatwereadded
to it. Thesepatchesandboundarycurveswerecarefully placedto allow for subsequentanimation. Onceagain,the curve
specificationprocesstook about2 hourswith the bulk of that time beingspenton preciselytuning the final locationof the
surfacecurves. As an interestingasidenotethateven thoughBofar is lessdetailedthantheArmadillo it hasmorepolygons
becauseit wasscannedin from an18 inch clay mold at 1 mm resolution.TheArmadillo wasonly about6 incheshigh and
wasscannedin at about0.2mmresolution.
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tools)allow a userto efficiently specifycomplex curveson densepolygonalmeshes.Fig-

ure3.17showsanexampleof two complex modelswith a completesetof patchboundary

andfeaturecurvesspecifiedon themodelusingthetechniquesof thischapter.



Chapter 4

Parametric surfaceapproximation: an

intr oduction

We approximateour densepolygonalmesheswith a network of tensorproductB-spline

surfacepatchesand associateddisplacementmaps. Eachregion of the polygonalmesh

thatmustbeapproximatedby ourhybridsurfacerepresentationis boundedby asetof four

boundarycurves. Thesecurveslie on thepolygonalsurface,but they neednot align with

theverticesandedgesof themesh.We call eachsuchfour-sidedsectionof thepolygonal

mesha polygonalpatch. As explainedearlier, the placementof the boundariesof these

B-spline surfacepatchesis part of the creative processand is not easily automatable.

Therefore,in thefirst stepof ourapproximationprocesstheuserprovidesasetof boundary

curvesasan input. Thesecurvesarespecifiedusingthecurve paintingtoolsexplainedin

the previous chapter. Our surfaceapproximationproblemnow reducesto the following

simplerproblem:

Given a polygonalpatch,find a combinationof uniform tensorproductB-splinesurface

anddisplacementmapthatbestapproximatesthispolygonalpatch.

Recall from chapter1 that our proposedsurfacefitting solutionis a two-stepprocess

thatfirst createsa springmeshfor eachpolygonalpatchandthenfits theB-splinesurface

anddisplacementmapto thespringmesh.In this chapter, we examinethecharacteristics

70
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that govern our approximationproblemand explain our reasonsfor using this two-step

fitting strategy.

We begin by examining the problemparametersin a generalsurfaceapproximation

problem(section4.1). Then,in section4.2we examinethecharacteristicsthatgovernour

specificapproximationproblem. Basedon thesecharacteristicswe thenidentify several

featuresof a desirablesolutionto our approximationproblem. In section4.3 we discuss

fitting strategiesfor two closelyrelatedapproximationproblemsandexplain why eachof

thesestrategies is inadequatefor our purposes.This discussionmotivatesour two step

approximationstrategy of first generatinga springmeshandsecondfitting to this spring

mesh.Finally in section4.4weoutlineournew fitting strategy.

4.1 Surfaceapproximation in a generalsetting

It is instructive to place our problem in the context of a more generalsurface ap-

proximationproblem. The generalproblemof surfaceapproximationin � ñ
is simply

stated[Schumaker 1979]:

Supposé is a real valued function definedon � ñ
and we are given the values

´$§ ± ´ ®� § ° of ´ at somesetof (data)points
� § in � ñ

,
¯?± � ¿ ¹ ¿3ò3ò�òL¿�� . Find a fitting

function ´ Õ § Ä definedon � ñ
whichreasonablyapproximateś .

As canbe inferredfrom thebroadscopeof this problemstatement,thereis no single

definitive strategy for the generalapproximationproblem. Rather, the statementcanbe

viewed asa generaltemplatefor definingandclassifyingspecificsurfaceapproximation

problems(andsolutions).Onecanidentify threecharacteristicsin theproblemstatement

thatmustfirst bewell definedto createan instanceof the generalproblem. Theseareas

follows:

1. Characteristicsof the input data(e.g. input datatopology, statisticalpropertiesof

noisein thedataetc.)

2. Thechoiceof asmoothsurfaceprimitive for thefitting function ´ Õ § Ä .
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3. Characteristicsof thefit (e.g.shouldthefit interpolateor approximatethedata,how

shouldwe measurethequalityof thefit etc.)

Thefield of approximationtheoryis populatedwith a varietyof instantiationsof thesur-

faceapproximationproblem(in a diverseset of domains). In general,for any surface

approximationproblemit is importantto carefullyexaminethespecificproblemparame-

tersin eachof the threecategoriesabove beforearriving at anappropriatesolutionstrat-

egy. For a fairly exhaustive survey of this field seeNielson’s [Nielson 1993], Schu-

macher’s [Schumaker 1979] andFranke andSchumacher’s [Franke & Schumaker 1986]

surveys on the subject. Seealsoour classificationof otherrelevant problemdomainsin

chapter2. In the following discussionwe developonly thoseinsightsfrom this field that

applyto ourspecificapproximationproblem.

4.2 Characteristicsof our surfacefitting problem

Let usexamineour surfaceapproximationproblemin the light of theeachof thecharac-

teristicslistedabove. We begin by consideringtheinputdatacharacteristics.

4.2.1 Characteristicsof the input data

Notethatwhile our polygonalmesheshave arbitrarytopology, eachindividual polygonal

patchis itself � -� parameterizablei.e. it is somearbitrarymanifolddeformationof a four

sidedplanarsurface. We do not make any otherassumptionsaboutthe topologyor the

geometryof a polygonalpatch. In particular, polygonalpatchesarenot restrictedto be

heightfields.

Fromastatisticalperspective,thepolygonalmeshesthatareinput to oursurfacefitting

systemrepresentanoptimalreconstructionfrom asetof laserscannedrangeimagesundera

certainsetof well-foundedassumptionssuchasGaussianstatisticsfor thenoisein thelaser

scanneddata(see [Curless& Levoy 1996] for furtherdetails).We arethereforeapproxi-

matingnot just theraw (potentiallynoisy)databut anaggregatedsurfacerepresentationof

it. Thishasatwo significantimplicationsfor oursurfacefitting system.First,thereis noth-

ing sacrosanctaboutour meshverticessincethey do not necessarilythemselvesrepresent
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theoriginalscanneddatapointsi.e. weneednot interpolatethem.

Second,althoughwedonotfeelcompelledto interpolatetheverticesin ourinputmesh,

neitherdo we feel justified in excessively smoothingor fairing the surfacewe fit to it.

Several surfaceapproximationschemes[Eck & Hoppe1996,Sinha& Seneviratne1993]

add smoothing(or regularizing [T. Poggio& Koch 1985]) termssuchas the thin plate

spline [Terzopoulos1988] during the surfacefitting process.Suchsmoothingtermsare

relevant only in the context of fitting to sparsedatawherethe approximationproblemis

under-specified(or ill posed[T. Poggio& Koch1985])or in thecontext of fitting to noisy

input datawheresmoothingis appropriate.Our input meshesareneithersparsenor noisy

andthereforeany desirablesolutionto our fitting problemshouldavoid smoothingout the

approximatingB-splinesurfacesusingregularizingterms.

An obvious but often overlooked characteristicof our input data is that polygonal

patchesarecomposedof a setof connectedpolygonalfacetsratherthanjust a setof scat-

tereddatapoints.As will bedemonstratedin thefollowing chapters,we canusethis con-

nectivity information(andassociatedtopologicalstructure)to our advantageallowing us

to producesuperiorsurfaceapproximations.By contrast,severalcommercialsystems(Im-

ageware’s Surfacer[Sinha& Seneviratne1993],CDI’s SurfaceDesign,DelCAM’s Copy-

CAD) andresearchsystems[Milro y etal. 1995]work exclusivelywith pointclouds.When

presentedwith polygonalmeshessuchsystemschooseto discardtheconnectivity informa-

tion offeredby thepolygonalmeshandconvert theinput onceagainto point clouds.This

strategy canproduceincorrectresults.Figure4.1 demonstratesthis with a simpleexam-

ple. Thereareotherseriousobjectionsto convertingour polygonalmeshfitting problem

to a point cloud fitting problem. Theseincludea lossin the efficiency androbustnessof

thefitting procedureaswell asa lossin thequality of thefitted surface.We discussthese

drawbacksin section4.3.1wherewediscusspoint cloudfitting in greaterdetail.

4.2.2 The choiceof surfaceprimiti ve for the fitting function

Thesecondof thethreecharacteristicsenumeratedin section4.1 is thechoiceof a smooth

surfacerepresentationfor the fitting function ´ Õ § Ä . Our choiceof smoothsurfacerepre-

sentationis alreadyspecified;it is a combinationof a tensorproductB-splinesurfaceand
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Discard
Connectivity

Fit polygon mesh Fit point cloud

(a) (b)

Figure 4.1. Discardingconnectivity informationbeforefitting to the polygonalmeshcan
result in incorrectfits. (a) shows a polyline that is fit with a smoothcurve. (b) shows a
similar fit to theinput dataaftertheconnectivity informationhasbeendiscarded.Notethat
the fitted curve is different in the two cases.The resultproducedby point cloud fitting is
clearly incorrectin this casesinceit violatesthe connectivity of the original dataset. For
surfacesin threespacepoint cloudfitting canproducesurfacefits thatviolate thetopology
of theinputdataset.
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displacementmap. Our reasonsfor choosingthis hybrid representationwerediscussedin

chapter1. Briefly, theuniform tensorproductB-splinesurfacewaschosento capturethe

coarsegeometryof ourpolygonalpatch,while thedisplacementmapwaschosento capture

fine surfacedetail. It is worth noting thatour B-splinesurfacerepresentationis onespe-

cific choiceof a parametricsurface;ourgeneralapproachis extensibleto otherparametric

surfaces(suchasBezier, NURBS,Catmull-Rom,H-splinesetc.).

Givenourhybridrepresentation,oneobviousquestionis: how dowedecidethesepara-

tion betweentheextentof geometryrepresentedby thesplinesurfaceandthatrepresented

by thedisplacementmap?Sinceourgoalwasto build aninteractivesurfacefitting system,

we leave this decisionto theuser. In our approach,theuserhasfull controlover thereso-

lution of theB-splinesurfaceto befit to thegeometry. Thedisplacementmapis calculated

to automaticallycapturetheresidualgeometrythatwasnot capturedby fitting thesmooth

B-spline. This providesthe userwith a lot of flexibility andfor the applicationareaswe

have explored(mainly in entertainment),it is perceived by usersasoneof the principal

advantagesof our approach.In order to successfullyimplementthis strategy our fitting

mustsatisfyseveralcriteria.

First,if theuseris to makeainformeddecisionabouttheresolutionof B-splinesurface,

thefitting processshouldbefastenoughtobeusedin aninteractivesetting.Only thiswould

enabletheuserto convenientlyexperimentwith anumberof resolutionsof B-splinesurface

beforesettlingonaparticularresolution.

Second,we would like to computethebestpossibleB-splinesurfaceapproximationto

theunderlyingpolygonalsurfacegivenafixednumberof controlvertices.This is because,

in oursystemtheusermaychooseto createanextremelyhighresolutionsplinesurfacethat

completelycapturesall thesurfacedetail. Thereforeour surfacefitting algorithmsshould

becapableof capturingthissurfacedetailentirelywithin thesplinesurfaceif required.It is

worth notingthatour smoothsurfacerepresentationi.e. a B-splinesurfacewith a uniform

knotspacingis intrinsicallyincapableof capturingcertainkindsof surfacedetaillikesharp

cornersandedges.Thesemustinevitably becapturedby thedisplacementmap.
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4.2.3 Characteristicsof the fit

Thereare two importantcharacteristicsof any fit that mustbe specifiedbeforewe may

choose(ordevise)afitting algorithm.Thefirst of theseis theissueof how closelythefitting

functionapproximatesthe input data. If thefitted function is constrainedto passthrough

thedatapoints,it is aninterpolatingfunction;otherwiseit is anapproximatingfunction.As

explainedin section4.2.1,we areinterestedin a surfaceapproximationto the polygonal

meshsurfaceratherthan just the meshvertices. Therefore,an interpolatingfunction in

our context would beonethat interpolatedthepolygonalmeshsurfaceratherthanjust the

meshvertices.The densityof our input datamakesthis an impracticalobjective sinceit

couldpotentiallyrequirea very high numberof controlverticesto exactly interpolatethe

meshsurface.However, wearestill interestedin ahighqualityapproximationto themesh

surfaceitself.

Thesecondcharacteristicsof ourfit thatmustbespecifiedis whatit meansfor asmooth

surface(or B-splineanddisplacementmap) to be a “high quality approximation”to the

polygonalmeshsurface(i.e. in amathematicalsense).Onemethodof measuringthequal-

ity of anapproximatingsmoothsurfaceis to examinetheerrorof fit. Usingthis method,a

lowererrorof fit would imply a higherqualitysurfaceapproximation.However thisquan-

tificationof surfacequalitydoesnotnecessarilyensuredesirableresults.As hasbeennoted

in thegeometricinterpolationliterature[Lounsberyet al. 1992,Halsteadet al. 1993] it is

possibleto generatezeroerrorof fit surfaces(i.e. interpolatingsurfaces)thatdisplay“un-

fair” characteristics(i.e. the fitted surfacestendto shown unsightlybumpsandwiggles).

Thusfor two fits of equalerror, onemightbepreferableto theotherbecauseit is fairer.

Furthermore,a uniquepropertyof parametricsurfacefits is thatevengiventwo fits of

equalerrorandfairness,onemightbepreferableto theotherbecauseit hasabetterparam-

eterizationi.e. a fair surfacefit couldstill possessanunsatisfactoryparameterization.Thus

a high quality approximationin our context is onethatpossessesa low errorof fit (in the

sensedescribedabove), is geometricallyfair andthathasa high quality parameterization.

Wequantifythenotionof whatit meansfor aparameterizationto beof a “high quality” in

chapter5.
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4.2.4 The defining featuresof our solution strategy

Basedon thepreceedingdiscussion,let ussummarizea setof defining(or desirable)fea-

turesof oursolutionstrategy.

1. Our input polygonalpatcheshaveno topologicalor shapeconstraintsother than

that they are � -� parameterizablei.e. eachpolygonalpatchis anarbitrarymanifold

deformationof a four sidedplanarsurface.No furtherassumptionsaremadeabout

patchtopologyor geometry. In particular, patchesarenotrequiredto beheightfields.

2. The control vertex resolutionof the B-spline surfaceis chosenby the user. Our

fitting strategy shouldcreatethe “best possible”B-splinesurfaceapproximationat

this user-specifiedresolution.The remaininggeometryis capturedin the displace-

mentmap.Wewouldlikethisfitting procedureto work at interactivespeedsto allow

theuserto easilyexperimentwith multipleresolutionsof B-splinesurface(andhence

displacementmap).

3. It should be possibleto capture all the geometry in the B-spline surface with-

out smoothing. As explainedearlier the usermight chooseto capturethe entire

geometryof a polygonalpatchwith just theB-splineapproximation(ratherthanuse

a displacementmap). If smoothingterms(suchasmembraneor thin plate terms)

areintroducedthesewill likely produceoverly smoothedapproximationsthatcannot

captureall thegeometryin theB-splinesurface.

4. The combination of B-spline surfaceand displacementmap needonly approxi-

mate the meshsurface,rather than interpolate the meshvertices. As explained

in thepreceedingsections,ourpolygonalmeshrepresentsanaggregatedsurfacerep-

resentationof the raw dataandour meshverticesdo not necessarilyrepresentthe

original scanneddatapoints.We arethusinterestedin a high quality approximation

to thepolygonalmeshsurfaceratherthanjust themeshvertices.

5. The meshconnectivity should be usedto assistthe surfacefitting process. This

is importantto notebecausetraditionalfitting solutionsoften discardconnectivity
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therebyconverting the problemto oneof point cloud fitting. As explainedin sec-

tion 4.2.1thisapproachcancompromisecorrectness,robustness,efficiency andqual-

ity of fit.

4.3 Parametric surface fitting: two traditional formula-

tions

Our surfacefitting strategy is motivatedin partby thesolutionsto two traditionalapprox-

imation problemsthat are closely relatedto ours: B-spline approximationsto irregular

point cloudsandB-splineapproximationsto organizedor griddeddata. Theseproblems

andtheir solutionsprovideusefulinsightsinto possiblestrategiesfor solvingour approxi-

mationproblem.In thefollowing discussionwewill assumeuniformcubic(order4) tensor

productB-splinesurfacesbut the formulationwill hold for otherkindsof parametricsur-

facesaswell.

4.3.1 Fitting to point cloudsin �
Althoughwe do not proposeto employ fitting to unorganizedpoint clouds,a brief consid-

erationof this problemprovidesusefulinsightsinto our own fitting problem. In general,

parametriccurve andsurfacefitting to point clouddatacanbeformulatedasa non-linear

leastsquaresproblem[Dierckx 1993,Rogers& Fog 1989]. The equationfor a B-spline

surface� ® �)¿�� °
canbewrittenas:

� ® � ¿�� °e± Æ
¾dþ"í

ß
� þ"í

� ¾Yµ �
� ¾ ® � ° ��� ® � °
(4.1)

where� and � areparametervaluesin thetwo parametricdirectionsof thesurface,
� ¾ µ � ’s

arecontrolpoints(in � ñ
) of theB-splinesurfaceand � ¾ and ��� arefourthorder, end-point

interpolatingB-splinebasisfunctions.Thisequationassociatesapoint � ®�� ¿���¿�� ° in � ñ
for

eachpoint
® �)¿�� °

in parameterspacei.e.

� ® �)¿�� °e± � ®���ª µ × ¿�� ª µ × ¿�� ª µ ×3°
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TheB-splinebasisfunctions� ¾ havebeenwell studiedin theliterature.Wereferthereader

to thebooksby Bartelsetal. [Bartelsetal. 1987]andFarin [Farin1990]for furtherdetails

onthemathematicalandcomputationaldetailsassociatedwith usingtheseandothersimilar

parametricbasisfunctions. In our formulationabove, thecontrolverticesof theB-spline

surfacecompletelydeterminethe shapeof the surface. Thusfinding a B-splinesurface

approximationof a fixed resolutioncorrespondsto finding the appropriatesetof control

vertices.

Now let  !�-§ ®�� ¿���¿�� °iÙ ¯'±"� ò3ò3ò$#&% bea point cloud(i.e. a setof pointswith no connec-

tivity information)in � ñ
to whicha B-splinesurfaceof fixedresolutionmustbefit. Given

the desiredfinal resolution(' by � ) of the B-splinesurface,the fitting problemis: find

the control vertices(<§^µ ¾ suchthat the resultingB-splinesurfacerepresentsa reasonable

approximationto thedatapoints.

To accomplishthisfit wemustassociateapoint
® �5§J¿��"§ ° in parameterspaceto eachdata

point �1§ . Thisassociation,calledaparameterizationof thedata,is notgivento usinitially.

Let us assumefor the momentthat we are given a parameterizationof the data. From

equation4.1we canthenwrite, for eachdatapoint �-§ :
�-§ ± � ® �5§R¿��"§ °e± ß ¶�·

¾dþ"í
Æ ¶�·
� þ"í

� ¾Yµ �
� ¾ ® �5§ ° ��� ® �s§ ° ¯c±)� ò�ò3ò*# (4.2)

Theright handsideof this equationis linearin theunknown
� ¾Yµ � ’s. Thuswe get # linear

equationsin thecontrolpoints
� ¾Yµ � (onefor eachdatapoint). Writing theselinearequations

in matrix form:

�lí
� ·
...

�,+
±

� í ® ��í °�-ÇÆ�® �2í ° � · ® ��í °.-ÇÆ�® �2í ° ò3ò3ò � ß ® ��í °.-ÇÆ$® �"í °� í ® � · °�-ÇÆ�® �Ó· ° � · ® � · °.-ÇÆ�® �Ó· ° ò3ò3ò � ß ® � · °.-ÇÆ$® ��· °
...

...
...

...� í ® �/+ °�-ÇÆ�® �0+ ° � · ® �/+ °.-ÇÆ�® �0+ ° ò3ò3ò � ß ® �1+ °.-ÇÆ$® �2+ °

�<Æ�® ì °
�<Æ�®��L°

...�<Æ5® ' °
where -ÇÆ�® �"§ °e±43 � í ® �s§ ° � · ® �s§ ° ò3ò3ò � Æ$® �s§ °65
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and �<Æ5®�¯O°�±)3 (�§ µ í6(<§^µ ·�ò3ò3ò�(<§^µ Æ75
Re-writingtheaboveequationin a morecompactform:

� ×Y¬JÖH±8- ß Æ µ + ® �)¿�� °��<×Y¬JÖ
(4.3)

In thisequationthedimensionsof thematricesareasfollows: � ×Y¬&Ö
hasdimensions#:9 � ,- ß Æ µ + ® �)¿�� °

hasdimensions#;9<'<� and
�<×Y¬&Ö

hasdimensions'<�=9 � . In a surfaceap-

proximationproblem,thenumberof datapoints # is usuallyfar in excessof the number

of controlvertices'<� beingusedto specifythesplinesurface.Theseequationstherefore

representanover-constrained(since # â '<� ) linearsystemwherethe (<§^µ ¾ areunknowns.

Assumingthematrix
- ß Æ µ + ® �)¿�� °

is well conditioned,thissetof equationsis easilysolved

usinga conventionalleastsquaresmethod[Lawson& Hanson1974]. If #?>@'<� (i.e. the

solutionis under-constrained)or the input datais not evenly distributedamongparameter

valuesthenthematrix
- ß Æ µ + ® � ¿�� °

will usuallynot be invertibleor will produceunstable

results.Approximationproblemsthatarecharacterizedby eitherof theseconditionsareill-

posedproblems.In suchcasesit is usuallynecessaryto addanadditionalregularizationor

smoothingfunctionto thefitting equationto maketheproblemwell posed[Dierckx 1993].

The above discussionshows that given an accurateparameterizationof the dataset,

solvingtheB-splineapproximationis relativelystraightforward.However, wearenotgiven

this parameterization.Thereforein equation4.3boththe �)¿�� valuesfor eachdatapoint as

well asthecontrolverticesareunknowns.Furthermore,sinceour B-splinebasisfunctions

arenon-linear(actually: cubic) the equationsthat comprisethe over-constrained“linear”

systemabove arein factnot linear. Note thatany non-constantparametricbasisfunction

wouldmakeourproblemanon-linearone.

Thereforethegeneralproblemof parametricsurfacefitting is anon-linearleastsquares

problem. To solve this problemwe mustfind both a parameterizationof the datasetas

well as the bestpossiblesetof control verticesthat approximatethe datasetgiven this

parameterization.

A typicalmethodof solvingthisproblemusesaniterativeoptimizationstrategy [Milro y
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et al. 1995, Rogers& Fog 1989]. An outline of this fitting strategy is shown in fig-

ure4.2. Theoptimizationprocedurebeginsby guessingan initial setof parametervalues

for thedatapoints. Giventhis parameterization,equation4.3 is solvedfor a first (usually

crude)B-splineapproximationto thedata.ThisB-splineapproximationis thenusedto re-

parameterizethedataandequation4.3is thensolvedagainwith there-parameterizeddata.

Re-parameterizationof eachdatapoint is accomplishedby asearchin parameterspacefor

apointontheintermediateB-splinesurfacethatis closestto thedatapoint. Themotivation

for re-parameterizationandre-fitting is to improve theinitial crudeparameterization.The

optimizationstrategy iteratesin thismannerbetweentheparameterrefinementstepandthe

fitting stepuntil somefitting toleranceis achieved.

Thereareseveral importantaspectsto noteaboutthis iterative fitting procedure.First,

the convergenceof the iteration(andhencethe quality of the fitted B-splinesurface)is

stronglydependanton theinitial parametervalues.A crudeinitial parameterizationinvari-

ably resultsin theiterationfalling into local minimaor, in theworstcase,aniterationthat

doesnot converge. This in turn resultsin poorquality B-splineapproximations.This loss

in qualityof fit manifestsitself asunsightlybumpsandwigglesin theapproximatingspline

surface[Hoschek& Lasser1993,Ma & Kruth 1995]. Surfacesthatexhibit theseartifacts

aresaidto be“un-fair” surfaces.To preventtheseunsightlyartifacts,researchersoftenadd

regularizationfunctionalsto thefitting procedure[Terzopoulos1986,Eck& Hoppe1996].

Theseregularizationtermsaretypically variantsof thin plateor membranesplinesandal-

leviatethefitting problemsby smoothingout theapproximatingsurface.While theuseof

theseregularizing(smoothing)termsmightbeappropriatein thecontext of approximating

sparseor noisydata,includingthemaspartof our fitting problemwould sacrificesurface

detail and thereforethe quality of fit. Our input datais denseandof a high quality (in

the sensediscussedin section4.2.1). Therefore,usingregularizingtermsin the manner

describedabove would only serve to cover up (i.e. smoothout) thefundamentalproblems

createdby a crudeparameterizationof the input data. We would preferto not introduce

thesesmoothingtermsto oursurfacefit.

A secondnoteworthy aspectof this fitting procedureis the time complexity of each

iterative step. At eachstep,we mustfirst solve the linear leastsquaresproblemfor an

intermediateapproximationandsecondwe mustrefinetheparametervaluesbasedon this
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Unparameterized
data set

Initially
parameterized A data set

Fitted spline surface

Parameterize

Linear least squares fit

Data set with refined
parameterizationARe−fit 

Final spline surface
that meets fit criterion

Satisfies fitting
criterion ?

Yes

Refine parameterization

Check fit criterion

Figure 4.2. A traditionalsolutionto theproblemof surfacefitting to point clouddata.The
first stepis to createan initial parameterizationof thedatapoints. This is usuallyaccom-
plishedthroughmanualtechniques(seethe text for details)and producesa crudeinitial
parameterizationof thedataset.Thisparameterizationis usedin thesurfacefitting step(i.e.
the linear leastsquaresproblemof equation4.3) to obtaina surfaceapproximation.If this
approximationmeetsthefitting criterion(which is usuallybasedon theresidualerrorof fit)
the fitting processterminates.If the approximationdoesnot meetthe fitting criterion the
datasetis re-parameterizedbasedon themostcurrentsurfaceapproximation.Theiteration
continuesin this manneruntil thefitting criteriaaremet. In this iterative optimizationpro-
cessthe initial parameterizationof the datasetis crucial to the quality of thefinal surface
approximation.Seethetext for adetaileddiscussionof this process.
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intermediateapproximation.Thedimensionsof thematrix � in equation4.3are # by '<� .

Themostexpensiveoperationin solvingthelinearsysteminvolves“inverting” � [Lawson

& Hanson1974]. For a typical numericalsolution(suchasQR factorization[Golub &

Loan1993](section5.3.4))thetimecomplexity of thisoperationis:

¹ ' æ � æ ® # ²B'<�C °

In practicethe numberof datapoints # is significantly more than the numberof con-

trol vertices'<� andwe canrewrite the time complexity of the leastsquaresproblemas

ä ® ' æ � æ # °
. Refiningtheparametervaluesis typically ä ® '<�D# °

(parametervaluesfor each

datapoint arerefinedusinga searchthroughthe intermediatesplinesurface’s parameter

space).Froma practicalimplementationpoint of view parameterrefinementis anexpen-

sivecalculationsinceit involvescomputingsplinesurfacepartialderivativesateachof the

originaldatapoints[Hoschek1988,Sarkar& Menq1991].

A third noteworthy aspectof this iterative optimizationprocedureis that if the user

wishesto fit a different resolutionof spline surface(i.e. a different numberof control

vertices)to thedata,at leastsomeof theparameterrefinementiterationsmustbeperformed

again. This is becausea B-splinesurfaceapproximationwith a differentresolutionwill

induceadifferentparameterizationon thedataset.

The preceedingdiscussionclearly points to the fact that obtaininga goodinitial pa-

rameterizationof the datapointsis centralto the surfacefitting problem. Techniquesfor

parameterizationin theCAD literatureusemanuallyintensiveschemessuchasprojection

of datapointsto manuallychosenplanesor a manuallyconstructedbasesurface(e.g. a

lofted surface)[Ma & Kruth 1995,Milroy et al. 1995,Sinha& Seneviratne1993]. These

techniques,even with extensive manualinterventionarenot guaranteedto producegood

parameterizations.Furthermore,in ourcasethedatasetis dense,makingmanualinterven-

tion for theparameterizationstepimpractical(i.e. laborious).

Note that by discardingthe connectivity information in our polygonmeshwe could

trivially convert our approximationproblemto that of a conventionalpoint-cloudfitting

problemandusethefitting approachdescribedabove. In sucha casetheverticesfrom the
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sourcepolygonalmeshwould form thepoint cloud. However, we have chosennot to fol-

low thisstrategy sinceconventionalpointcloudfitting strategiescanproducetopologically

incorrectresults(e.g.seefigure4.1),areproneto non-robustness(stemmingfrom conver-

genceissues)andoften producepoor quality surfacesdueto iterationsfalling into local

minima. They arealsovery inefficient (i.e. ä ® #�' æ � æ °
per iterative step)andtherefore

unusablein aninteractivesetting.

4.3.2 Fitting to gridded data

A secondapproximationproblemrelatedto ours is that of fitting to a griddeddataset.

Although our dataset is not in this format, griddeddatafitting techniquesprovide use-

ful intuitions into our problem. Fitting tensorproductsurfacesto griddeddatacan be

conveniently decomposedinto a sequenceof simpler curve fitting processes[Forsey &

Bartels1991]. As a result,griddeddatafitting algorithmsaresimpler, moreefficient and

morerobustthanpointcloudfitting algorithms.If thedatasetis givenby thegrid of points

 !� ®�¯ ¿�E °EÙ ¯�±F� ò�ò3ò
ô

¿�E ±)� ò3ò3òLèG% suchthat � ®�¯ ¿�E ° hasparametervalues
® �5§J¿��"¾ ° , thenthe

leastsquaresequationfor thegriddingdatafitting problemis writtenasfollows:

�IH  §KJ ±L- ß µ ó�® � °�� H  §MJ -ONÆ µ å ® � °
(4.4)

where�,H  §MJ is theregulargrid of datapoints:

�IH  §MJ ±
�líLµ í �líLµ · ò3ò3òP�líLµ å
� ·Yµ í � ·Yµ · ò3ò3òP� ·Yµ å

...
...

...
...

� ó µ íP� ó µ · ò3ò3òQ� ó µ å
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� H  §MJ arethecontrolverticesthatareto besolvedfor:

� H  §KJ ±
� íLµ í � íLµ · ò3ò�ò � íLµ Æ� ·Yµ í � ·Yµ · ò3ò�ò � ·Yµ Æ

...
...

...
...� ß µ í � ß µ · ò3ò�ò � ß µ Æ

and

- ß µ ó�® � °e±
� í ® �5í ° � · ® ��í ° ò3ò�ò � ß ® ��í °� í ® �ç· ° � · ® � · ° ò3ò�ò � ß ® � · °

...
...

...
...� í ® � ó ° � · ® � ó<° ò3ò�ò � ß ® � ó<°

-ÇÆ µ å is obtainedby substituting� for ' and è for

ô
in theabovematrix.

In equation4.4 the dimensionsof the matricesare as follows: �,H  §MJ is

ô
9½è ,- ß µ ó�® � °

is 'R9
ô

,
-ÇÆ µ å is �:9¼è and

� H  §KJ hasdimensions'S9T� . In a surfaceap-

proximationproblem,the numberof datapointsin eachdirectionof the grid areusually

far in excessof thenumberof controlverticesin thesamedirectionof thegrid i.e.

ô â '
and è â � . For purposesof comparisonwe will assumethatthenumberof datapointsin

thepointcloudformulationof theprevioussectionis aboutthesameasthenumberof data

pointsin theregulargrid formulationabove i.e.

#?U
ô

è
The parameterizationof datapointson a regulargrid is trivial becausea regular grid

is intrinsically parameterized[Forsey & Bartels1991]. Sincethedatasetin equation4.4

is alreadyparameterized,solving the surfacefitting problemfor regular griddeddatare-

ducesto solvingequation4.4oncefor thecontrolvertices.Solvingthis equationinvolves

“inverting” both
- ß µ ó�® � °

and
- NÆ µ å ® � °

. Thecomputationalcostsof theseoperationsare

ä ® ô ' æ °
and ä ® èV� æ °

respectively (assumingonceagain,thatwe usesomestandardnu-

merical techniquesuchasQR factorization[Golub & Loan 1993]). The costof solving

thissystemis thereforeä ® ô ' æ ÁkèW� æ °
. This is asignificantlysimplerandlessexpensive

computationthanthenonlineariterationassociatedwith equation4.3. In thatcasethecost
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per iterationstepwas ä ® ô èV' æ � æ °
.

It is worth pointingout thatsinceregulargriddeddatais by definitionuniformly dis-

tributed in parameterspace,the matrices
- ß µ ó�® � °

and
-ÇÆ µ å N ® � °

are individually more

well conditionedthan
- ß Æ µ + ® �)¿�� °

(from equation4.3). Froma purelynumericalperspec-

tive,thismeansthatgriddeddatafitting is usuallynumericallymorerobustthanpointcloud

fitting. Furtherdetailsof griddeddatafitting arediscussedin chapter6.

To summarize,the solutionto the surfaceapproximationproblemfor regulargridded

datais simpler, computationallylessexpensiveandnumericallymorerobustthanthesolu-

tion for surfacefitting to point clouddata.Thefundamentalreasonfor theseadvantagesis

thatsincethedatais ordered,thesurfacefitting problemis decomposableinto a sequence

of simplercurve fitting problems.A secondmajoradvantageof fitting to griddeddatais

thattheresultsproducedareof a higherquality thanthoseproducedby point cloudfitting.

Thisis becausethequalityof anapproximatingsurfaceis stronglyinfluencedby thequality

of theunderlyingparameterizationof thedata,andregulargridsaretrivial to parameterize

comparedto irregularpointclouds

4.4 A newsurfacefitting formulation

Clearly, griddeddatafitting techniquesare to be preferredover point cloud fitting tech-

niques.Sinceour datais not in theform of a regulargrid, thesemethodsarenot immedi-

atelyapplicable.However, if we wereto convert our datainto theabove formatwe could

exploit theadvantagesof griddeddatafitting overpointcloudfitting. Thismotivatesanew

two-stepsolutionstrategy for oursurfacefitting problem:

1. First, resampleeachirregularpolygonalpatchinto a regularsurfacegrid, which we

call thespringmesh.

2. Second,usegriddeddatafitting techniquesonthespringmeshto obtainasurfacefit.

Our two stepfitting strategy allows us to avoid thecomplexity, costandnon-interactivity

of thenon-linearoptimizationprocesstraditionallyusedfor irregulardata. Seechapter5

(section5.7)for adetaileddiscussionof therelativebenefitsof oursurfacefitting approach

over traditionalstrategies.
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Initial, unparameterized
polygonal patchX

Gridded re−sampling of 
polygonal patch (spX ring mesh)

Fitted B−spline surface

Re−sample into regular 
surface grid (the spring mesh)

Fit B−spline surface to spring
mesh.

Figure 4.3. Our two stepsurfaceapproximationstrategy. In thefirst step,we re-samplethe
polygonalpatchinto aregularsurfacegrid calledthespringmesh.Thisprocessis explained
in chapter5. In thesecondstepweapplygriddeddatafitting techniquesto thespringmeshto
obtainourfinalB-splinesurfaceapproximation.Thistwo stepstrategy allowsusto avoid the
complexity, costandnon-robustnessof point cloudfitting algorithms.We have not shown
the the computationof a displacementmaphere. Recall that our displacementmapsare
extractedsimplyastheresidualerrorof fit aftertheB-splineapproximationis obtained.See
chapter7 for adiscussionof displacementmapcomputation.
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Thespringmeshmay beviewedasa high quality parameterizationof theunderlying

data.In our applicationwe usethespringmeshitself asthe(gridded)datafor thesurface

fitting step.As discussedin section4.2.3wearemoreinterestedin ahigh qualityapproxi-

mationto themeshsurfaceitself ratherthanthemeshvertices.As longasthespringmesh

we produceis a reasonablycarefulsamplingof the polygonalmesh,surfacequality and

detailarenotcompromised.

If in otherapplicationsit is requiredto fit the original meshvertices(e.g. to obtain

tolerancesto theoriginal data),this canbeaccomplishedby first parameterizingthemesh

verticesusingourregularspringgrid andthenrunningthestandardnon-linearoptimization

processdescribedin section4.3.1. For theseapproaches,our gridding processoffers a

robust,automatic,high-qualitymeshparameterizationscheme.However, wedonotpursue

thisalternativestrategy in this thesis.

The next chapterexploresin detail, our gridding strategy for eachpolygonalpatch

andits advantagesin an interactive setting.We alsodiscussstrategiesfor addingflexible

constraintsto the parameterizationprocessin the context of an interactive surfacefitting

system.



Chapter 5

Gridded resampling

As outlined in the previous chapter, our fitting strategy works in two steps. First, each

polygonalpatchis re-sampledinto aregularsurfacegrid calledthespringmesh.Second,a

B-splinesurfaceis fit to thespringmesh.In this chapter, we discussthedetailsof thefirst

of thesetwo stepsi.e. thecreationof thespringmesh.

The input to our gridding processis a polygonalpatch. A polygonalpatchfor the

purposesof our discussionis anarbitraryfour-sidedpolygonmeshsection.Theonly con-

straintsto this meshsectionarethatit mustberectangularlyparameterizableandmustnot

have holes. Both theseassumptionsare reasonable:first, in order that a tensorproduct

B-splinesurfacebefit to thesurfaceit mustberectangularlyparameterizable.Second,the

modelsinput to our systemareseamlessor caneasilybemadesoeitherby acquiringand

integratingmorescansor by usingrecenthole-filling techniques[Curless& Levoy 1996].

Therearenofurtherconstraints(with respectto eithertopologyor geometry)onpolygonal

patches.In particular, they arenot restrictedto beheightfields.

For thefirst partof thischapter, wewill assumethattheonly userinputis thepolygonal

patchitself (i.e. thefour boundarycurvesof thepatch).A procedureis describedto auto-

maticallygeneratea springmeshre-samplingfor this polygonalpatch.Givenjust thefour

boundarycurvesof a polygonalpatchasinput, thereareseveralplausibledistributionsof

springpoints. We begin this chapter(section5.1) by examiningthepropertiesthatdefine

a goodspringmeshre-sampling.This leadsto a qualitativemeasurefor evaluatingthede-

sirability of a springmeshre-sampling.In section5.2we quantifythesecharacteristicsin

89
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theform of asetof parameterizationrules.In thefollowing sectionsweoutlineanefficient

implementationthat generatesspringmeshesthat obey our parameterizationrules. This

implementationis basedonacoarse-to-finerelaxationprocessthatincrementallybuildsup

a betterparameterizationfor thepolygonalpatch.In section5.7 we discussseveraldesir-

ablepropertiesof our coarse-to-fineparameterizationstrategy. We follow this discussion

with ananalysisof thecomputationalcostof ourparameterizationalgorithms(section5.8).

In thesecondhalf of this chapterwe introducethenotionof feature curves. Theseare

user-specifiedcurvesthat may beusedto arbitrarily (andprecisely)customizethe distri-

bution of pointswithin the springmesh.We call the resultingparameterizationsfeature-

drivenparameterizations. We introducefeaturecurvesby examiningour parameterization

algorithmfrom a designperspective (section5.9). From this perspective featurecurves

area naturalextensionto our basicparameterizationstrategy. In section5.10we discuss

how ourparameterizationrulesmaybemodifiedin thepresenceof featurecurves.Thenin

section5.11we discussan implementationof featurecurves. Our featuredrivenparame-

terizationtechniquebearsseveralsimilaritiesto thevariationalsurfacedesignliterature.In

section5.12we discussanintuition for our featuredrivenparameterizationalgorithmthat

is basedon a variationalsurfacedesignperspective [Welch& Witkin 1994]. We conclude

thischapter(section5.13)with asummaryof its principalcontributionsandsomepractical

examplesof theusesof ourparameterizationalgorithms.

5.1 Desirablecharacteristicsfor a spring mesh

The springmeshis essentiallya regular grid of points that lie on the polygonalsurface.

We will refer to thesepointsas the “spring points”. The springmeshcanbe viewed in

two ways: first, it canbe viewed asa parameterizationof the polygonalpatch. Second,

sincespringpointslie on the polygonmeshsurface,the springmeshcanbeviewedasa

re-samplingof thepatchinto aregulargrid. Wewill draw onboththeseviewsof thespring

meshfor our intuitionsabouttheparameterizationprocess.In thefollowing discussionwe

usethetermsparameterizationandspringmeshre-samplinginterchangeably.

Given a polygonalpatchthereare infinitely many distributionsof springpointsand

thereforeparameterizationsof the patch. From the spaceof all theseparameterizations
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somearepreferableoverothers.Therefore,beforewecreatea procedureto generatea pa-

rameterization,wemustfirst answerthequestion:whatdoesit meanfor aparameterization

(i.e. springmesh)to be“preferable”overothers?Clearly, sinceourspringmeshesareused

for smoothsurfacefitting, we shouldrestrictour spaceof acceptableparameterizationsto

thosethat enablea high quality surfaceapproximation.In section5.1.1we examinethis

issuein moredetail.

Note that theabove restrictiondoesnot yet narrow down our spaceof acceptablepa-

rameterizations:it is still possibleto generateseveral differentspringparameterizations

eachof which works just aswell for approximatingthegeometryof thepolygonalpatch.

However, not all of theseparameterizationsmight besatisfactoryto theuser. Sinceusers

in our targetapplicationareas(i.e. EntertainmentandIndustrialDesign)playanimportant

role in determiningthedesirabilityof a surfaceparameterization,whatever parameteriza-

tion procedurewe proposeshouldtake careto satisfythe usersrequirementsin addition

to producinggoodapproximationsto surfacegeometry. Accordingly, in section5.1.2we

examineourparameterizationprocedurefrom auserperspective.

5.1.1 A samplingperspective

Sincethespringmeshis essentiallya re-samplingof thepolygonalpatchwe begin our ef-

fort to characterizethedesirabilityof anarbitraryspringmeshfrom asamplingperspective.

Thespringmeshis generatedwith the intentof fitting a combinationof B-splinesurface

anddisplacementmapto it. In orderthatourfittedsurfacenotloseany detailthatwasin the

original polygonalpatch,it is desirablethatthespringmeshbeasfaithful a resamplingof

thepolygonalpatchaspossible.Only if thespringmeshsatisfiesthis requirementmaywe

dispensewith the irregularpolygonalrepresentationandusejust the regular springmesh

for fitting purposes.Furthermore,wewouldlikeourspringmeshto beminimalin thesense

that thereshouldbeno “wasted”springpoints(samples).We thereforeaskthe question:

Whatis thedistributionanddensityof springpointsthatgivesusa faithful samplingof the

polygonalpatch?

Considera simplerversionof the samequestion:for a givenresolutionof the spring

meshwhatis thedistribution of springpointsthatrepresentsa reasonablesamplingof the
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surface?Sinceourtriangulationscomefrom realmodelsthathavebeensampleduniformly

over theirsurfaces,our trianglemeshestendto beuniformly dense(in termsof thenumber

of polygonsperunit areaof thesurface)acrossdifferentpartsof thepolygonalmodel.If we

assumethatgeometricalinformationis distributedaccordingto polygonmeshdensitythen

for a springmeshof afixedresolutionto samplethesurfaceoptimallyeachsampleshould

representan equalareaon the polygonalsurface. This givesus onequalitative measure

of goodnessfor our springmeshfrom a samplingperspective. Furthermore,in orderto

dispensewith thepolygonalpatch,thedensityof thespringmeshshouldbehigh enough

thatthefinestdetailsof thepolygonalpatcharecapturedby there-sampling.Thisgivesus

a secondqualitative measure.Our parameterizationmetriccanthereforebeencapsulated

in theform of two qualitativerules:

1. Eachspringpoint representsa constantsizeareaof thepolygonmesh.

2. Thedensityof thespringmeshshouldbehighenoughto capturethefinestdetailsof

thepolygonalpatch.

Although thesequalitative rulessummarizeour requirementsconcerningobtaininga

goodapproximationto geometry, they do not necessarilycapturea usersnotion of a de-

sirableparameterization. This is easilyillustratedwith thehelpof anexample.Figure5.1

shows threepossible“parameterizations”of a planardistortedpatch. The parameteriza-

tion in figure5.1(a)might seemsdesirableat first sinceeachspringmeshopeningcovers

aboutthesameareaof thepatch(barringtheboundaryregions).However, thespringmesh

shown is not a regulargrid i.e. every horizontal(vertical) curve of the springmeshdoes

nothave thesamenumberof samplepointsaseveryotherhorizontal(vertical)curve. This

parameterizationtherforedoesnot suit our purposesdespitethe fact the samplingof the

patchis somewhateven.Our spaceof acceptableparameterizationsis restrictedto regular

surfacegrids becausethat is theparameterizationintrinsic to a tensorproductparametric

basis. Furthermore,the entirespringmeshmust be presentwithin the polygonalpatch

i.e. the parameterizationmustbea regular, tensorproductparameterizationwith its four

boundariesbeingthesameasthepatchboundaries.

Considernow the parameterizationsshown in figure 5.1(b) and (c). Both are regu-

lar surfacegrids. Note thatbothspringmesheshave a singularityat the lower, collapsed
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(a) (c)(b)

Figure 5.1. Threeexamplesof possiblespringmeshesfor a planartriangularpatch. The
springmeshof (a) seemsdesirableat first sinceeachinterior springpoint coversaboutthe
areaof of thepatch.However, theparameterizationis notacceptableto usbecauseit is nota
tensorproductparameterizationi.e. eachY (Z ) iso-curve doesnot containthesamenumber
of points. (b) and(c) arebothtensorproductparameterizationswith thesamenumberof Y
andZ iso-curves.Notethatnotensorproductparameterizationof thispatchcanavoid apole
at thelower, collapsedboundarycurve. Thespringmeshof (b) minimizestheareadistortion
of the patch. However, note that the parameterizationis distortedwith respectto the arc
lengthalongaverticaliso-curve: thedistancebetweenhorizontaliso-curvesgetcompressed
asonemovesawayfrom thepole.Also notetheaspectratiodistortion:areaelementscloser
to thepolearethin andlong while areaelementsfartherfrom thepolearebroadandshort.
Finally (c) showsaparameterizationthatminimizesthearclengthdistortionandhasalower
aspectratio distortionthanthe springmeshin (b). However notethat it is distortedwith
respectto area.Our parameterizationschemechoosesto createthemore“uniform” spring
meshof (c). Seethetext for adiscussionof ourmotivationsfor makingthischoice.
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boundarycurve (i.e. thepole of the springmeshes).Thesingularityat thepole is a lim-

itation of the tensorproductnatureof theparameterizationratherthana limitation of the

specificdistribution of springmeshpointsi.e. no tensorproductparameterizationof this

patchcouldavoid sucha poleor thedistortionassociatedwith it. For example,thespring

meshof (b) minimizesareadistortion.However, notetheextremedistortioninducedwith

respectto the arc lengthandaspectratio. On the otherhandfigure 5.1(c) shows a pa-

rameterizationthatminimizesthearclengthdistortionin bothparametricdirectionsof the

springmesh. While it hassomeaspectratio distortion, it is significantlylower thanthe

distortionin springmeshof (b). Howevernotethatit is moredistortedwith respectto area

than(b). In particulartheareaelementsnearthepolearesmallerthantheonesfartherfrom

it.

Note that the springmeshesof both (b) and(c) allow us to createacceptablesurface

approximationsaslong asthedensityof thespringmeshin eachcaseis high enough.So

whichof (b) or (c) is preferablefor ourapplication? To resolvethisquestionlet usexamine

ourparameterizationproblemfrom adesign(i.e. users)perspective.

5.1.2 A parameterization designperspective

The applicationdomainsthat are the principal focusof this thesisareentertainmentand

industrialdesign.For applicationsin thesedomains,thedesignof 3-D parametricsurfaces

hastwo key components:first, thedesignof thegeometryof thesurface,andsecond,the

designof its parameterization.It is importantto notethatin generalthesearetwo separate

activities even thoughcommercialmodelingpackagessuchasAlias or Pro/Engineeruse

modelingparadigms(suchaslofting or skinning[Farin 1990])that treatthemasa unified

activity.

In our applicationtheuseris not designingsomuchthegeometryof thefitted surface

(which is ideally the sameas that of the the input polygonalpatch)as its parameteriza-

tion. Thedesignof a surface’s parameterizationis of critical importanceto mostmodelers

becauseit influencesseveralimportantpropertiesof thesurface.For example,surfacepa-

rameterizationsdeterminetheflow of a texturemapover thesurface.A surfacethatis not

parameterizedaccordingto theusersspecificationsis unlikely to appearsatisfactorywhen
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texturemapped.Surfaceparameterizationsalsodeterminethe precisechangesin surface

geometrywhenacontrolvertex of thesurfaceis movedin spaceto anew location.An un-

satisfactorilyparameterizedsurfacewill usuallydeformin anunexpected(i.e. undesirable)

fashionwhena control vertex is moved. For theseandotherreasonshaving controlover

surfaceparameterizationis crucialfor mostapplications.To take a specificexamplefrom

entertainment,the animationof a parametricsurfacerepresentinga humanfaceis better

performedwhenthe parameterlinesof the surfaceflow accordingto anatomicalfeatures

suchasthe eyesandthemouthof the face[Parke & Waters1996]. Furthermore,anima-

torsoftenconcentratea greaternumberof parameterlines(hencecontrolvertices)on and

aroundregionsof thesurfacethat requirefine geometriccontrol i.e. areasof thefacethat

arethemostexpressive suche.g. theeyes. Similar examplescanbefound in thefield of

IndustrialDesign.

Theforegoingdiscussionsillustratethatit is importantto evaluateany parameterization

algorithmfrom a designperspective. Let usthereforeaskthequestion:Whatparameteri-

zationdid theuserimplicitly designby specifyingapolygonalpatchthroughits four patch

boundaries?

We tacklethis questionin two parts. First, let usassumethatour only userinput is a

setof four patchboundarycurvesandthatanunderlyingpolygonalsurfacedoesnot exist

i.e. our input is justasetof four spacecurves.Basedon just this input,a reasonablespring

meshoutputis a smoothblendin spaceof the four boundarycurves. Furthermore,in the

absenceof otherinformationit is reasonableto assumethat the userintendedthe spring

meshto beuniformlyspacedin both parametricdirections.An exampleof the geometry

andparameterizationcreatedby thiskind of operationis aCoonspatch[Farin1990].

Second,let usnow addtheadditionalpolygonalsurfaceconstraint(i.e. theintermediate

iso-curvesmustnow beconstrainedto thepolygonalsurface). In this case,asanobvious

extensionto thefirst argument,theusercouldreasonablyexpectto havedesigneda spring

meshthat representsa uniform and smoothblend on the polygonalsurfaceof the four

boundarycurves.

Thus,giventhatthe input from a userof our systemarethefour boundarycurvesof a

polygonalpatch,areasonableparameterizationfor thepolygonalpatchisaspringmeshthat

is uniformlyspacedin boththe � and� directionsandthatrepresentsasmoothblendonthe
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surfaceof theboundarycurves.Therfore,from a designperspective theparameterizations

shown in figure5.1(c) is preferableto the oneshown in (b) becauseit representsa more

uniformblendonthesurfaceof theboundarycurves.Theparameterizationin (c)distributes

iso-parametriccurvesuniformly on the surfacebetweeneachpair of opposingboundary

curves.

Thepreceedingdiscussiondemonstratesthat,while minimalareadistortionis areason-

ablegoal to strive for in a parameterization,it is not alwaysdesirableto achieve this goal.

We mustthereforecreatepracticalrulesthatgenerateparameterizationswhich encodeour

intuitionsbasedon both the samplingperspective andon the designprinciplesexplained

above. In the next sectionwe quantifyour qualitative characterizationof the preceeding

discussionin theform of simpleandimplementableparameterizationrules.

It is worthnotingthattheforegoingdiscussionindicatedthatthechoiceof how to trade

off differentkinds of distortionsin parameterizationsis oftensubjective (i.e. application

specific).Thereforea naturalquestionto askis: whatif theuserdid indeedwantto create

theparameterizationshown in figure5.1(b)? Ideally our parameterizationrulesshouldbe

extensibleenoughto accommodatesuchscenarios.Weexploresuchissuesatgreaterdepth

in thesecondhalf of thischapter(sections5.9onwards).

5.2 Quantifying the parameterization metric

We would like practical rules that capturethe qualitative parameterizationmetricsex-

plainedin the last section. Ideally, theserulesshouldcreateparameterizationsthat have

minimal areadistortion(wherepermittedby patchtopology)andaswell that representa

uniform blendon thepolygonalsurfaceof thefour patchboundarycurves. In thediscus-

sion below, “iso-curves” refer to iso-parametriccurvesin oneof the principal directions

of the tensorproductparameterization.An iso-curve is just a seriesof springpointsthat

constitutea grid line of the springmesh. We refer to the two principal directionsof the

springmeshasthe � and� directions.A � (� ) iso-curve is aniso-parametricgrid line with

afixed � (� ) valueandprogressively increasing(or decreasing)� (� ) parametervalues.

We begin our questfor practicalparameterizationrulesby observingthat regardless

of the shapeof the polygonalpatch, it is always possibleto createa spring meshthat
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minimizesdistortionin grid spacingalongaparticular� or � iso-curve. For example,if we

follow afixediso-curvein theexamplesshownin figures5.1,thespacing(onthesurface)of

thespringmeshpointsalongthatiso-curve is uniform. We alsonotethatto createaneven

samplingin boththe � and� directions,thespringmeshpointsin eachdirectionshouldbe

aboutthe samedistanceapart. Theseobservationsareencapsulatedin the following two

parameterizationrules:

1. Arc lengthuniformity: the springmeshspacingalonga particulariso-curve should

beuniform.

2. Aspectratio uniformity: thespringmeshspacingalonga � iso-curve shouldbe the

sameasthespacingalonga � iso-curve.

Whenevaluatedfrom a samplingperspective,thearc-lengthcriterionaccountsfor thefact

thatgeometricallyinterestingdetailis equallylikelyalongany givensectionof aniso-curve

alongthesurface.Similarly, theaspect-ratiocriterioncapturesthefactthatdetailis equally

likely in eitherdirectionof agriddingof thepolygonalpatch.

Unfortunately, neitherof theserulesencapsulatethe notion of a “minimal” parame-

terization. Considerfor examplea small sectionof a springmeshshown in figure 5.2.

Note that the springmeshsectionin figure 5.2asatisfiesboth the arc lengthandaspect

ratio criteriaspecifiedabove. However, theparameterizationof thespringmeshsectionis

still unsatisfactory: while it doesencodeour notionof a uniformblendon the surfaceof

the four boundarycurves,it is not a smoothblend. From a practicalperspective, the pa-

rameterizationshown wouldexhibit undesirablecharacteristicssuchasawavy appearance

undertexturemapping.Similarly, pulling on a controlvertex of thesurfacewould induce

an undesirablewavy deformationon the surface. Clearly the aspectratio andarc length

uniformity rulesdonot restrictthespaceof acceptableparameterizationsstronglyenough.

Noting this fact, we adda regularizationrule (a minimal energy rule) to the above two

criteria.

3. Parametricfairness: Every � and � iso-curve shouldbe of the minimum possible

lengthgiventhefirst two criteria.

Theterm“f airness”hasits rootsin thegeometricinterpolationliteraturewhereit is usedto

convey theconceptof minimumenergy interpolatingsurfaces[Halsteadet al. 1993]. Our
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(a) (b)

using only fairness

using only arc length
using a combination

State of a particular iso−curve:

u

v

Figure 5.2. Parametricfairnessasa regularizationterm. (a) shows a sectionof a larger
springmeshthat satisfiesjust the arc lengthandaspectratio uniformity criterion. Spring
pointsareshown ashollow circles.Notethatspacingsalonga particularY or a Z iso-curve
areuniform(arclengthuniformity). Also notethatthespacingsalongevery Y iso-curve are
thesameasthespacingsalongevery Z iso-curve. However, despitethesefacts,theparame-
terizationis clearlyunacceptableindicatingthat thesetwo rulesdo not restrictthespaceof
parameterizationssufficiently. (b) shows theinteractionof theparametricfairnessrule with
thetwo otherrulesonasectionof asingleZ iso-curve. Theparametricfairnessruleby itself
createsminimal lengthcurves. Whenusedin conjunctionwith theotherparameterization
rules,this ruleproducesreasonableparameterizations.
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useof the termfairnessis in the context of achieving a minimal energy parameterization

hence:parametricfairness.Previousapplicationshaveaddressedtheissueof fairnessonly

to theextentthatit affectssurfaceshape,notasit affectssurfaceparameterization.

Thethreequalitativeparameterizationruleslistedabovenow giveusminimumenergy

(i.e. parametricallyfair) springmeshesthatminimizearclengthandaspectratiodistortions.

It is worth noting that an implicit assumptionwe have madeduring the formulationof

theserulesis thatsurfacedetail in a region of themeshis dictatedsolelyby thenumberof

polygonmeshvertices(or polygons)in thatregion. Sincefor ourmeshesthevertex density

is fairly uniform(with respectto surfacearea)overtheentirepolygonalmeshit is desirable

thatourparameterizationrulesevenlydistributespringpointson themeshsurface.

It is easyto seethat at leastfrom a samplingperspective our parameterizationrules

areconservative: they will in generalrequiremoresamplesthanmightbenecessaryfor an

optimalsamplingof apolygonalpatch.For example,aflat regionof thesurfacewill useup

asmany springpointsasa highly curvedregion of thesurfaceaslong asthey possessthe

samesurfacearea(andhencethesamenumberof meshvertices).If our parameterization

rulestook into accountpropertiessuchassurfacecurvature,the numberof springpoints

could potentiallybe optimizedso asto be concentratedon morecomplex regionsof the

surface.Despitethis potentialshortcoming,our strategy hastwo desirablecharacteristics.

First,becauseit is conservativeweareat leastguaranteedto nevermissany surfacedetail.

Second,on a practicalnote,it is conceptuallyandnumericallystraightforwardto perform

computationson a uniform springmeshrepresentationcomparedto a moreinvolvedbut

optimalrepresentation(suchasahierarchicalspringmeshwith aquad-treelikestructure).

It is worth comparingour problemto thosethat arisein the finite elementliterature,

specificallyin the areaof numericalgrid generation[Thompson1991]. The objective in

this domainis to generate(eitherstructuredor unstructured)gridsin � Æ
aswell ason sur-

facesin � Æ
. Specifically, extensive researchhasbeendoneon variousstrategiesfor gen-

eratingsurfacegridsin � ñ
. However, thesetechniquesarenot directly applicablebecause

they assumetheexistenceof ahigherordersurfacedescription(suchasaB-splinesurface)

to startwith. A higherordersurfacedescriptionallowstheuseof severalsmoothnessprop-

ertiessuchasglobal differentiability that arenot availableto us. As pointedout earlier,
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while it is possibleto make local approximationsto surfacecurvaturefor irregularpolyg-

onalsurfaces[Welch& Witkin 1994],thereis no schemeto evaluateglobalderivativesat

arbitrarysurfacepositions.

5.3 A fast gridding algorithm

In thelastsectionwespecifiedasetof parameterizationrulesto generatefair springmeshes

with low aspectratioandarclengthdistortion.In thissection,wedescribeanalgorithmthat

efficiently implementstheseparameterizationrules. Our algorithmis an iterative, coarse-

to-fineprocedurethatfor eachpolygonalpatch,incrementallybuildsasuccessively refined

springmesh.Specifically, theprocedureiteratesbetweentwo steps:a relaxationstepand

a subdivision step. The relaxationstepworks at a fixed resolutionof the spring mesh.

It ensuresthat the springpointsat this fixed resolutionaremovedon the surfaceso that

the resultingspringmeshsatisfiesour threeparameterizationrules. Thesubdivision step

increasesthe resolutionof the springmeshby addinga new set of springpoints to the

existing parameterization.We continuethis coarse-to-fineiterationuntil the springmesh

densityis closeto thedensityof verticesof theoriginalpolygonalpatch.

Webeginourcoarse-to-fineiterationwith aninitial guessfor thespringmeshiso-curves

thatis basedon Dijkstra’s shortest-pathalgorithmwith anappropriateaspectratio for this

patch. We restrict this computationto just the verticesandfacesof the polygonalpatch

ratherthantheentiremesh.Sincethepolygonpatchis just a connectedgraph,identifying

a setof verticesandfacesof thepolygonalpatchthatbelongto a polygonalpatchis easily

performedusingabreadthfirst seedfill operation.In thenext few sectionswedescribethe

detailsof eachstepof ourgriddingalgorithm.

5.4 Spring meshinitialization

To obtaina coarseinitial guessfor a setof � and � iso-curves,we useDijkstra’s single-

source,single-destination,shortest-pathalgorithm[Aho & Ullman1979]to computeapath

betweencorrespondingpairsof pointsalongopposingboundarycurves. The initial num-

bersof iso-curvesin eachdirectionarechosento beproportionalto theaspectratio of the



CHAPTER5. GRIDDEDRESAMPLING 101

(a) (b)

(c) (d)

Figure 5.3. Thisfigureexploresthethreesamplingcriteriaonpartof theright leg of themodelin figure1.1.Eachof the
above imagesrepresentsa triangulatedandsmoothshadedspringmeshat a very low resolution.In eachcase,thenumberof
springpointssamplingthepolygonmeshwaskept thesame.Thedifferencesarisefrom their redistribution over thesurface.
Thespringedgesareshown in red. (a) shows whathappenswhenthe aspectratio criterion is left out. Noticehow a lot of
detailis capturedin theverticaldirection,but not in thehorizontal.(b) shows theeffect of leaving out thearclengthcriterion.
Noticehow thekneecaplooksslightly bloatedandthatdetailaboveandaroundthekneeregion is missed.This is becausefew
samplesweredistributedover thekneeresultingin a badsamplingof this region. (c) shows a missingfairnesscriterion. The
iso-curvesexhibit many “wiggles”. Finally (d) shows theresultwhenall threecriteriaaremet. Seefigure5.6 for a summary
of resamplingprocessworkingon theleg patch.
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patch.Theaspectratio of a polygonalpatchis computedasthe ratio of the longerof the

two boundarycurvesin eitherdirection.Thestartingspringmeshpointsarecomputedas

intersectionsof theseinitial iso-curves;thecurvesmustintersectif thepatchis rectangu-

larly parameterizable.Dijkstra’s algorithmis ä ® èÐéÛêsë ® è °O°
in the numberof verticesof

the polygonalpatch. Sincepolygonalmeshesareactuallyplanargraphsthey possessa

simplerstructurethanarbitrarygraphs.As sucha linear-time algorithmexists to perform

theshortestpatchcomputationfor planargraphs[Klein et al. 1994]. However, therehave

beennoreportsof practicalimplementationsof thesealgorithms.WehavefoundDijkstra’s

algorithmto performadequatelyfor our purposes.Sincewe searchfor only a smallsetof

initial iso-curves,thisprocedureis rapid.

5.5 Spring meshrelaxation

The initial guessfor thespringmeshasobtainedabove is generallyof poorquality. Fur-

thermore,we have chosento computethis initial guessat a low resolution.Despitethese

potentialdrawbacks,our initial springmeshservesasa goodstartingpoint for our relax-

ationprocess.

In the relaxationstep,we move the springpoints(at a given resolutionof the spring

mesh)to new locationson thepolygonalpatchsuchthattheresultingspringmeshsatisfies

ourparameterizationrules.Notethatwehavealreadyimplementedtheruleof aspectratio

uniformity with our initialization step. As the springmeshis uniformly subdivided this

aspectratio is maintained.Therefore,we do not explicitly enforcethis criterionaspartof

our relaxationprocedure.We enforcejust thetwo remainingparameterizationrulesof arc

lengthandparametricfairness.

Therelaxationalgorithmworks in two steps.First a “resultantforce” is computedon

eachspring point. This force is basedon our parameterizationrules of arc length and

parametricfairness.In thesecondstepthis force is thenusedto slide the springpoint to

a new positionon the polygonalsurface(within the polygonalpatch). All springpoints

aremovedin this manneruntil thespringmeshattainsits equilibriumstate,i.e. whenthe

resultantforcesonall thespringmeshpointsarezero.

In thenext few subsections,the“force” betweentwo springpointsis computedasthe
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Figure 5.4. This figure shows the neighborsof a facepoint [ of the springmesh. The
resultantforceon thespringpointduringtherelaxationstepis a linearcombinationof these
forces.Seethetext for details.

Euclideanvectorjoining thetwo pointsi.e.

��\^]`_ ý ®�$Å ¿ �1a0°H±B�$Å'²b�/a
To understandthedetailsof our relaxationprocedurelet us focuson the forceson just an

individual springpoint
�

. Let
�$ªdc

,
� J öfe Æ ,

�5«£¬&ÕvÄ
and

�$ §KH�g Ä representthe positionsof the�
’s four neighborsin thespringmeshin the � and � directions.We first examinethearc

lengthandfairnessforcesin turnandthendiscusshow theseforcesmaybecombinedin a

relaxationstrategy.

5.5.1 The arc length criterion

Minimizing arclengthdistortionalongoneof
�

’s iso-curvesis achievedby simplymoving�
towardswhichever neighbor(alongthe sameiso-curve) is fartheraway from it. This

computationis very similar to thecomputationfor arclengthbasedforcesfor snakes(see

section3.6.3).Thetwo iso-curvesof thespringmeshthatpassthrough
�

maybethought

of asindividualsnakesfor forcecomputationsbasedonarclength.

As explainedin section3.6.3the forcedueto thearc lengthcorrespondingto theup-

down iso-curve(i.e.
�5ª$c

and
� J öfe�Æ

) is:

´ ÅTRÖ ¶ ª J ®� °e± ®dÙ ��\^]
_ ý ®h�5ª$c ¿ � °EÙL²ÞÙ ��\^]
_ ý ®h� J öfe�Æ ¿ � °EÙ ° Ývß Å0àÜ Ývß ÅTà�Ü (5.1)
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where

Ývß ÅTàá± ôji �c® ��\^]
_ ý ®�$ªdc ¿ �á° ¿$��\^]
_ ý ®h� J öke Æ ¿ � °0°
whereÝ6ß ÅTà

is thelargerof �l\^]
_ ý ®h�5ª$c ¿ � °
and ��\^]
_ ý ®� J öfe�Æ ¿ � °

(in magnitude)i.e.

Ý6ß ÅTà ± �l\^]
_ ý ®h�5ª$c ¿ � °
if ��\^]
_ ý ®h�$ªdc ¿ �á°eâ ��\^]
_ ý ®h� J öfe�Æ ¿ � °

�l\^]
_ ý ®h� J öke Æ ¿ �á°
if ��\^]
_ ý ®h� J öfe�Æ ¿ � °�â �l\^]
_ ý ®h�5ª$c ¿ � °

If the magnitudesof the forceshappento be equalthe arc lengthforce is zero. The two

expressionsForce(
�5ªdc

,
�

) andForce(
� J öfe Æ ,

�
) representforcesonthespringpoint

�
due

to eachof thespringpoints
�5ªdc

and
� J öfe Æ . We performa similar computationin theother

direction(left-right) aswell to geta force ´ Å0JÖ ¶ «�
. Theresultantof ´ ÅTRÖ ¶ «£

and ´ Å0RÖ ¶ ª J is

thenetarclengthbasedforceactingon thespringpoint
�

i.e.

´ ÅTRÖi®h�á°e± ´ Å0RÖ ¶ «�"®� ° ÁÂ´ ÅTRÖ ¶ ª J ®h�á°

5.5.2 The parametric fair nesscriterion

Let usnow examinetheforceon
�

dueto theparametricfairnesscriterion.Recallthatthis

criterionattemptsto make every iso-curve of the minimumpossiblelengthi.e. it tries to

pull eachiso-curveas“tight” aspossiblegiventheotherconstraintsonthespringmesh.As

with thearc lengthcriterion,we candraw on our surfacesnake formulationfor intuitions

aboutthisforceterm.Recallthatthefirst orderterm(i.e. themembraneterm)in thesurface

snake formulationminimizesthelengthof thesnake. Writing out just thefirst orderterm

wehave:

¨ § Æ�Ä(¬&RÆ�ÅT«0® ¦ ®hmE°O°e± ·
í Ù ¦ Ã2Ù æon m

(5.2)

Thevarioustermsareusedto meanthe samequantitiesthey did in section3.6.1. In our

currentcontext, we interpret¦ ®hmE°
to beaniso-curveof thespringmeshand

¨ § Æ�Ä(¬&RÆ�ÅT« to be

the internalenergy of the iso-curve. As explainedin section3.6.1,the discretizedvaria-

tional formulationof this equationgivesriseto a singleresultantforcethatmovesa point

to the mid-pointof its two neighborsalongthe curve. Computingthis for an “up-down”
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iso-curveweobtainthefollowing:

´ Õ6Å §  ¶ ª J ®� °e± �l\^]
_ ý ®h�5ª$c ¿ � ° Áp��\^]`_ ý ®� J öfe Æ ¿ �á°
(5.3)

We obtaina similar expressionfor the other iso-curve passingthrough
�

. The resultant

forcedueto parametricfairnessis therefore:

´ ÕvÅ § �®� °e± ´ Õ6Å §  ¶ «��®h�á° Á�´ Õ6Å §  ¶ ª J ®� °

We notethat theparametricdistortionis thereforeminimizedby moving thepoint
�

to a

positionthat minimizesthe energy correspondingto a setof springsconsistingof
�

and�
’s immediateneighborsalongbothiso-curvesthatpassthroughit i.e.

´ Õ6Å § À± �l\^]
_ ý ®h�5ª$c ¿ � ° Áp��\^]`_ ý ®� J öfe Æ ¿ �á° Áp��\^]
_ ý ®h�$«�¬JÕ6Ä ¿ � ° Á;��\q]
_ ý ®h�5 §MH.g Ä ¿ �á°

In this senseour regularsurfacegrid behaveslike network of springsthatareconstrained

to thepolygonalsurface.Our useof thephrase“springmesh”to describeour surfacegrid

wasmotivatedin partby thebehavior of oursurfacegrid undertheeffectsof theparametric

fairnesscriterion.

5.5.3 Relaxationusing the arc length and fair nesscriterion

Thelast two sectionsexplainedhow to computetheforceon anindividual springpoint r
basedonour two parameterizationrulesof arclengthandparametricfairness.Thepoint r
is now movedaccordingto aforcegivenby aweightedsumof thearclengthforce s/t�ufv
wryx
andparametricfairnessforce s/zdt�{Mu2whr|x .

s1uf}h~k�d����whr|xD�j�<��s1zdt�{Mu�whr|x����G��s1t�ufv
whr|x (5.4)

The relative weightsof thesetermsareassignedas follows. We start eachiteration

with a higherweight for the arc length force (i.e. ���R� and ��� � ). As the iteration

progresseswegraduallyreducetheweightof thearclengthtermandincreasetheeffectof

the fairnessterm(i.e. �����2��� , �L������� ). Theparametricfairnessforce is meantmainly
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asa regularizingforce. Its purposeis to createa minimal parameterizationthatobeys the

otherrules.As suchthespringmeshrelaxationshouldbeguidedmainly by thearclength

parameterizationrule. Our weightingof the relative effectsof thearc lengthandfairness

forcesis basedonthis intuition. In practice,thisstrategy hasprovedto producesatisfactory

results.

Note that we have usedonly Euclideanforcesin our relaxationstep,i.e. forcesthat

representthe vectorjoining the two springpointsunderconsideration.A relaxationstep

basedpurelyon Euclideanforcesis efficient but not guaranteedto alwaysgeneraterobust

results. Figure5.5ashows an examplewhereEuclideanforcesalonefail to producethe

desiredeffect.

An alternative to usingEuclideanforcesis to computegeodesicforces. Thesearesim-

ply forcesthatarecomputedalongthesurfaceof themesh.Geodesicforceswouldproduce

the robustandcorrectmotion for thespringpointsin the above case.Therefore,oneap-

proachto solvingtheproblemexemplifiedby figure5.5a,wouldbeto usegeodesicforces,

or approximationsthereof,in therelaxationstep(insteadof Euclideanforces).Howeveras

discussedin chapter3 computingdiscretepolygonalgeodesicsis anexpensiveproposition

sincethefastestalgorithmfor point to point geodesicsis ��w��1��x in thesizeof a polygonal

patch[Chen& Han1990]. Evenapproximationsto geodesicssuchasthosethatarebased

onlocalgraphsearchesare ��w���x andwouldbetooexpensiveto performateveryrelaxation

step(for every forcecomputation).

Springmeshsubdivision alleviatestheproblemmotivatedby figure5.5b: we createa

new springpoint r1�l{M�$ 2¡.¢f{M£*� thatliesonthesurfacehalfwaybetweenr�� and r|¤ . Thisnew

point generatesnew Euclideanforcesactingon theoriginal points,moving themtowards

eachotheron thesurface.

5.6 Subdividing the spring mesh

Springmeshsubdivision is basedon a graphsearchandrefinementalgorithm. Our sub-

division algorithmis basedon a procedurethat, givenany two springpoints r�� and r|¤
computesa new facepoint r1�l{M� at the mid-pointon thesurfaceof the two springpoints.

We call this procedureFindMidPoint( r¥� , r|¤ , r/�¦{M� ). Thedetailsof theimplementationof
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Figure 5.5. This figure shows a casewhererelaxationalonefails to move a springmesh
point in the desireddirection. In eachcaseF representsthe force on §�¨ from its right
neighborandV representstheresultingdirectionof motion.Thedesiredmotionof thepoint§©¨ is into thecavity. In (a) just theoppositeoccurs;thepointsmove apart.(b) shows how
thiscaseis handledbysubdividing thespringmeshalongthesurface.Seethetext for details.

thisprocedureareasfollows:

1. Find thetwo closestverticesv1 andv2 on r¥� and ry¤ ’s faces.

2. Computea greedygraphpathfrom v1 to v2. Themid-pointof this pathservesasa

first approximationto r1�l{M� ’s location.

3. Refinethis locationby letting the forcesgiven by Force( r�� , r/�¦{K� ) andForce( r|¤ ,
r/�¦{M� ) acton r1�l{M� , moving it to anew positionon thesurface.

Note that the last stepin the subdivision processis simply the applicationof a fairness

force locally at the point r/�¦{K� to make the curve sectionformedby r¥� , r|¤ and r1�l{M� as

tight aspossible. Subdivision alongboundarycurves is basedon a static resamplingof

our facepointcurverepresentation;thesepointsarenevermovedduringtherelaxationand

subdivisionsteps.

Basedon the above algorithm, the subdivision algorithm uniformly subdivides the

springmeshin both parametricdirections. Note that sincethe aspectratio criterion was

enforcedat thetime thespringmeshwascreated,it is maintainedthroughsuccessivesub-

divisionsof thespringmesh.
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Ourcoarse-to-finestrategy thusworksby iteratingbetweenarelaxationstepandasub-

division step. An issuestill to be addressedis the terminationcriterion for this iterative

process.As explainedearlier, we would like our springmeshat thehighestresolutionto

representa faithful re-samplingof thepolygonalpatch.For this to occurour springmesh

mustcaptureall thefine surfacedetail in theoriginal polygonalpatch.Recallthat,a fun-

damentalassumptionof our re-samplingstrategy wasthat this surfacedetail is uniformly

distributed(or at leastequallylikely) over the surfaceof the polygonalpatch. Sinceour

springmeshuniformly samplesthepolygonalsurface,aconservativestrategy for capturing

all the surfacedetail presentin the original patchis to useat leastasmany springpoints

asmeshvertices.Thuswe terminatespringmeshsubdivision whenthenumberof spring

pointsis comparableto thenumberof verticesin theoriginalpolygonalpatch.As notedin

section5.2 this terminationcriterionis a conservativeone.A moreaggressivestrategy for

terminatingspringmeshsubdivisionmightbeto quantitatively measurethecumulativeer-

ror betweena reconstructionof thespringpointsandtheunderlyingpolygonalsurface.In

practicewehavefoundourconservativeterminationcriterionto work well in aninteractive

setting.

5.7 Discussion

Thespringmeshesgeneratedby thealgorithmdescribedin theprevioussectionaremin-

imally distortedwith respectto aspectratio andarc lengths. In addition the parametric

fairnesscriterion ensuresthat the springmeshesrepresentminimal energy parameteriza-

tions (in thesensedefinedearlier)giventhe otherconstraints.In practicewe have found

thatour resultingspringmesheshave low areadistortionaswell. As explainedearlier, our

subdivision andrelaxationcriteriaenforcethis at leastpartially. An exampleof this prop-

erty is evidencedby a parameterizedsectionof the Armadillo’s leg shown in figure 5.3.

Notethatwe do not guaranteeminimal areadistortionfor our parameterizations.Indeed,

asdiscussedin section5.1 it is not alwaysdesirableto producea minimal areadistortion

parameterizationfor arbitrarilyshapedpolygonalpatches.

Our conservative terminationcriterion for spring meshsubdivision ensuresthat our

springmeshesaredenseenoughthatthey capturethefinestsurfacedetailsof thepolygonal
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(a)
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(b)
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Figure5.6. Thefiguresummarizeswith anexampleourstrategy for resamplingapolygonalpatchinto a regulargrid. (a)
shows theoriginalpolygonalpatch(theright leg from theArmadillo modelin figure1.1). This particularpatchis cylindrical
andhasabout25000vertices.(b), (c), (d) and(e)show a triangulatedandsmoothshadedreconstructionof thespringmeshat
variousstagesof our re-samplingalgorithm.Weomit thelinesfrom (e) to preventclutter. A detailof thespringmeshin (e) is
shown in (f). (b) shows theinitial guessfor � and « iso-curves(under4 seconds).Noticethat theguessis of a poorquality.
(c) shows themeshafterthefirst relaxationstep(under1 second).(d) shows thespringmeshat anintermediatestage,aftera
few relaxationandsubdivision steps(under3 seconds).(e)shows thefinal springmeshwithout thespringiso-curves.Notice
how thefine detailon theleg wasaccuratelycapturedby there-sampledgrid. This entireresamplingprocesstook about20
seconds.All timesareona250Mhz Mips R4400processor.
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patches.This,combinedwith theminimaldistortioncharacteristicsof ourparameterization

effectively satisfythetwo qualitative criteriawe proposedin section5.1.1i.e. our param-

eterizationsarebothminimally distortedaswell asrepresenta faithful re-samplingof the

polygonalpatch. It is in this sensethat our springmeshesalsorepresenta high quality

parameterizationof theunderlyingpolygonalpatches.

Ourcoarse-to-finegriddingalgorithmhasseveraldesirablepropertiesthatmakeit prac-

tical andusefulin thecontext of aninteractive surfacefitting system.First, thecoarse-to-

finenatureof ouralgorithmmakesit efficient. Theaveragecostof therelaxationandsubdi-

visionstepsof our algorithmare ��wh¬Tx in thesizeof thepolygonalpatch.Earlierpolygon

meshparameterizationalgorithms(e.g. the algorithmof Eck et al [Eck & Hoppe1996])

runanorderof magnitudeslower ( ��wh¬ � x ) thantheonewehavedescribedabove. Thede-

tails of thecomplexity analysisfor our relaxationandsubdivisionalgorithmsaresupplied

in section5.8.

A secondadvantageof our parameterizationstrategy is that althoughour algorithm

is completelyautomated,it can be effectively controlledand directedby the user. For

example,theusercanpausethealgorithmatacoarserresolutionof thespringmeshto view

the intermediateresults.If desired,thesecoarserspringmeshescanbeusedimmediately

for surfacefitting purposes.Thisisausefulpropertyof oursystem,especiallywhendealing

with largepolygonalmeshes.In particular, subdivision to higherlevelscanbepostponed

until themodeldesigneris satisfiedwith apatchconfigurationandparameterization.

A third advantageof our coarse-to-fineparameterizationalgorithmis that it offers a

flexible framework within which to addfurther constraintsto the parameterization.For

example,in section5.10wediscussapowerful setof constraintscalledfeaturecurvesthat

theusercanemploy to createarbitrarilycomplex parameterizations.

Finally, our parameterizationstrategy hasusefulimplicationsfor the later surfacefit-

ting process(i.e. the griddeddatafitting process).Specifically, oncea springmeshhas

beengenerated,thegriddeddatafitting processis fast(seechapter4 for details).Further-

more,sinceour springmeshesaregeneratedonly onceper patch(i.e. no further patch

re-parameterizationis required),theusercanchangetheresolutionof thefittedsplinesur-

faceandthesystemrespondsat interactive rateswith thefitted results.Systemsthat iter-

atebetweenfitting andre-parameterizationtypically cannotrespondat theseratesandare
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thereforeunsuitablefor usein an interactive setting.Overall, we have foundour pipeline

to bea usefulinteractive tool for a modeler, especiallywhenheor shewishesto explore

the designspaceof tradeoffs betweenexplicitly representedgeometryanddisplacement

mappeddetail.Wediscussfurtherdetailsof thisaspectof oursurfacefitting pipelinein the

next two chapters.

As discussedin chapter2 thereareotherschemesthat may be usedto parameterize

irregularpolygonmeshes.In particular, the harmonicmapsof Eck et al[Eck et al. 1995]

produceparameterizationsfor meshverticeswith low edgeand aspectratio distortions.

However, theschemehastwo maindrawbacksfor our purposes.First, it cancauseexces-

siveareadistortionsin parameterspace,especiallyin theinteriorof thepatch.Second,the

algorithmemploys an ��wh¬ � x iteration(in thesizeof a polygonalpatch)to generatefinal

parametervaluesfor verticesof themeshandnousableintermediateparameterizationsare

produced.As pointedout in thediscussionabove,wehave foundintermediateparameteri-

zationsusefulin aninteractive system.Finally, our algorithmallows for a powerful setof

userdefinedconstraintsin theform of featurecurveswhichcanbeusedto createarbitrarily

complex andcustomizableparameterizations.Theparameterizationtechniqueof Eck etal

doesnotoffer theability to specifysuchconstraints.

5.8 Algorithm complexity

In the following discussion,we assumethat thesizeof thepolygonalpatchis ¬ (i.e. the

numberof verticesin the patch). The initialization costfor our coarse-to-finestrategy as

explainedearlier is ��wh¬L¯®2°±¬²x . We initialize the springmeshat a low (constant)reso-

lution. Our subsequentcoarse-to-fine,iterative parameterizationstrategy hastwo distinct

steps:springmeshrelaxationandsubdivision. We considerthecumulativecomputational

costof eachof thesestepsin turn.

5.8.1 Relaxationcost

A reasonablemeasureof computationalcostfor therelaxationstepis thenumberof itera-

tive stepsrequiredto reachthefinal stateof thespringmesh.Unfortunately, this is not an
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easilyquantifiablemeasuresincethepathfollowedby a springpoint in reachingits mini-

mumenergy positionis highly dependanton thegeometryof thepolygonalpatchaswell

astheinitial positionof thespringpoint. To overcomethis difficulty we useasa measure

of costthe cumulative distance(on the surface)movedby all the springpoints. At each

level of subdivision, eachspringmeshpoint musttraversesomefractionof the polygons

in a polygonalpatchasit relaxes. Sinceour initial guesstendsto beof a poorquality, in

the worst casea springpoint might traversea significantfractionof thepolygonalpatch.

Thereforein theworstcase,thecostof this relaxationdependslinearly on thesizeof the

polygonalpatch ¬ . It obviously alsodependson the sizeof the springmesh. If these

two wereequal,aswouldoccurif we immediatelysubdividedthespringmeshto thefinest

level, thenthecostof runningtherelaxationwouldbe ��wh¬ � x .
If, however, we employ thecoarse-to-finestrategy describedin theforegoingsections,

then at eachsubdivision level, four times as many spring meshpoints move as on the

previous (coarser)level, but they move on averageonly a fraction asfar. Let us assume

that this distanceis a fraction ��³2s of the distancemoved at the coarserlevel. Let the

distancemoved by the springpointsat the coarsestresolutionof the springmeshbe ´ .

If this resolutionof the springmeshhas µ springpointsthenthe cumulative costof the

relaxationstepoverall subdivision levelsis givenby theexpression:

¶ uf}h�·t�¸I�¹µº´¹�@»�µ ´ s �¼» � µ ´s � �@�����0�¼»¾½�µ ´s ½ (5.5)

wherethenumberM is chosenaccordingto our terminationcriterion. Thecriterionstates

that thefinal numberof springpoints » ½ µ shouldbecomparableto thenumberof mesh

verticesin thepolygonalpatchi.e. ¬ . Therefore,

¿ �B�®2°¾À ¬µ
For conveniencelet usrewrite equation5.5in theform:

¶ uf}h�·t�¸I�¹µº´WÁÂwhs|x (5.6)
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where

ÁÂwhs|xÃ�F��� »s �jw »s x � �������!�¹w »s x ½ (5.7)

Let us now evaluatethe cumulative cost of the relaxationstepbasedon the values

takenby s . Since ��³2s representsthe fractionof the distancemovedby springpointsat

successively finer resolutionsof thespringmeshit measuresthe relative gainsof usinga

coarseto finescheme.

In theworstcasespringpointsat finer resolutionsmove asfar asthepointsat coarser

resolutions.In thiscasesj�)� and Á©wsyx thereforeevaluatesto:

Á©w��*xÄ� ���@»©�@» � �@�����0�¼» ½
� » ½VÅÇÆ�È �» È �
� À.ÉÊ È �Ë
� ��w¬²x (5.8)

Thereforein theworstcase:

¶ uf}h�·t�¸ÇwhsL�4�*xS� ��wh´�¬Tx
� ��wh¬ � x

sincethe averagedistancé movedat the coarsestresolutionis ��wh¬Tx . This meansthat

in theworstcasethecoarse-to-finerelaxationschemeis computationallynobetter(at least

from the relaxationperspective) thanstartingwith the highestresolutionof springmesh

andrelaxingthe springmeshat this resolution. Of course,in this casethe initialization

cost for creatingthe highestresolutionspringmeshwould be muchhigher( ��wh¬T¯®0°Ì¬Tx
perspringmeshpoint,which is ��w¬¥���®2°Ã¬Gx ).

However, s is usuallymuchhigheri.e. thefiner resolutionspringmeshpointstendto

move far lessthanthecoarserresolutionspringpoints.For exampleif thefiner resolution

springpointsmoveabouthalf asfarasthecoarserresolutionspringpointsthen sj�L¤ and:

Á©wÍ¤2xÄ� ���@¤©�@¤ � �@�����0�¼¤ ½
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� ¤ ½VÅÇÆ È �¤ È �
� »2¬µ È �
� ��wÎ ¬²x (5.9)

andtherefore ¶ uf}k��t�¸Ïwhsj�L¤2x&�j��w¬GÎ ¬²x
Similarly if thecoarserresolutionspringpointsmove abouta fourth asfar asfiner resolu-

tion springpointsthen sB�B» and:

Á©wÍ»2xÄ� ���¹���¹� � �@�����0�j� ½
� ¿ �¹�
� ��wÍ¯®0°±¬Tx (5.10)

and ¶ uf}h�·t�¸ÐwsB�j»2xD�j��wh¬L¯®2°±¬²x
In fact typically, springpointsat finer resolutionstendto move by far lessthanevena

fourthasfarasthecoarserspringpoints.This is becausethefinerspringpointsarecreated

asthe mid pointsof the coarserspringpoints. Therefore,unlesspositionsof the coarser

springpoints in the finestspringmeshdeviate drasticallyfrom their positionsat coarser

resolutions,the newer springpointstendto becreatedat or neartheir final positions.To

takeanextremecaseconsideracompletelyflat andsquarepolygonalpatch.In thiscase,the

finerresolutionspringpointswill nothaveto moveatall sincethesubdivisionstepensures

that they will becreatedat their final destinations(andtherelaxationat lowestresolution

movesthecoarsespringpointsto theirfinal positions).In suchcasessjÑB» andtherefore:

Á©ws¹ÑL»2xÄ� ���@Ò��@Ò � �������!�@Ò ½¥Ó ÒÕÔF�
� ��w6�*x (5.11)
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and ¶ uk}k��t�¸ÏwhsjÑB»0xD�¹��w¬²x
Thusthetypical cumulativecostof thespringmeshrelaxationstepis usually ��wh¬Tx in the

size ¬ of thepolygonalpatch.Notethat in theabove computationwe have assumedthat

at thecoarsestresolutionspringmeshpointsmoveadistance��w¬²x . Thiswasaworstcase

assumptionbecauseour initial guessestendto beof a poorquality to begin with. A better

quality initial springmeshwould furtherreduceouraveragetimecomplexity.

5.8.2 Subdivision cost

The cumulative costof subdividing a given resolutionof the springmeshis equalto the

costof subdividing eachof theiso-curvesof thecoarsespringmeshandcreatingtheaddi-

tional springpointsat themiddleof eachpair of adjacentiso-curvesin thetwo parametric

directions.Let thetotalnumberof springpointsatagivenresolutionÖ of thespringmesh

be µO× i.e.

µÕ×Ø�¹µyÙ�» × �¹µØ» ×
Let usfirst assumethatourpolygonalpatchdoesnothaveanextremelydistortedaspect

ratio. Let usconsiderthe implicationsof this assumption.If thenumberof iso-curvesin

the Ú and Û directions(at a particularspringmeshresolution)are ��� and � « respectively

then:

rB�@����� «
Underourassumption:

���ÕÜ@� « Ü µÕ×
i.e. thenumberof iso-curvesin the Ú andÛ directionsareeach��w Î µO×¦x .

Recall that our subdivision strategy is basedon a greedygraphsearchalgorithmbe-

tweeneachpair of adjacentspringpoints. Therefore,thecostof subdividing aniso-curve

is proportionalto thecumulativenumberof polygonsin a greedygraphpaththrougheach

of thespringpointsin theiso-curve. Sinceour patchdoesnot havea distortedaspectratio

this graphpathis on theaverage��w Î ¬Tx . It is worth notingherethat the relaxationpro-

cessassistsin simplifying thesubdivision: relaxationprior to subdivision ensuresthat the
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iso-curveswesubdividearealreadyneartheirfinal locations.

Thetotal costof subdivisionat theresolutionÖ of thespringmeshis therefore:

��w Î ¬ µÕ×�xÃ�j��w Î ¬ µOÙ¾» × x
Thecumulativecostof subdividing thespringmesh(temporarilyignoringthe � nota-

tion) to its highestresolutionis thereforegivenby theexpression:

¶ ~k�dÝÞ�.{ « {M�.} � Î ¬ µOÙ�» Ù �@Î ¬ µOÙ�» Æ ��Î ¬ µOÙ¾» � �������0��Î ¬ µOÙ¾» ½
� ¬GµyÙßw6���@¤ Æ �¼¤ � �������`�@¤ ½ x
� ¬GµyÙßw¤¾½VÅÇÆ È �*x
� ¬GµyÙßw »�¬µyÙ È �*x
� ��whÎ ¬ØÎ ¬²x
� ��wh¬Tx (5.12)

Thereforewe seethat if thepolygonalpatchdoesnot have anextremelydistortedaspect

ratio thecumulativecostof springmeshsubdivision is ��wh¬²x .
Let usnow considerthosecaseswhenour aspectratio assumptiondoesnot hold. An

exampleof acasewherethiscanoccuris whenthepolygonalpatchis excessively longand

thin. We mustmake the following two changesto theabove computation.First, the total

numberof iso-curvescouldbeproportionalto thenumberof springpoints µÕ× i.e. either

���àÜSµÕ× or � « ÜSµÕ× . Second,the costof subdividing an iso-curve could be linear in

thesizeof thepatchi.e. if thepatchis long andthin, subdividing iso-curvesin the“longer

direction”couldbe ��wh¬²x .
Therefore,thesubdivisioncostata resolutionÖ of thespringmeshis:

��wh¬²µÕ×�xÃ�j��wh¬²µOÙ�» × x
Thecomputationof thecumulativecostof subdividing thespringmesh(ignoringthe �
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notation)now changesto:

¶ ~h�$ÝÞ�.{ « {M�.}á� ¬²µOÙ¾» Ù �b¬²µOÙ�» Æ ��¬²µOÙ¾» � �@�����0�@¬GµOÙ¾» ½
� ¬²µOÙßw6���¼» Æ �@» � �������!�@» ½ x
� ��wh¬ � x (5.13)

Soif thepolygonalpatchhasa pathologicallydistortedaspectratio thecumulativecostof

springmeshsubdivision is ��wh¬W�¾x .
5.8.3 Total cost

To summarizethediscussionof thelast two sections,thetypical costof our coarseto fine

parameterizationstrategy in termsof thesize ¬ of thepolygonalpatchis asfollows:

1. Initialization: ��wh¬L¯®2°±¬²x .
2. Relaxation:��wh¬²x cumulativecost.

3. Subdivision: ��w¬²x cumulativecost.

Note that the initialization stepof our processis moreexpensive thanboth the relax-

ation andsubdivision together. This is directly relatedto our useof Dijkstra’s algorithm

to computethecoarse,initial springmesh.As notedearlierthis problemcouldbeallevi-

atedin theory, by usingarecentlyproposedlineartimealgorithmsto performshortestpath

computationson planargraphs[Klein et al. 1994]. Using this algorithmwould bring our

averageparameterizationcostto ��w¬²x . However, we have foundno reportsof practical

implementationof thisalgorithm.In practiceDijkstra’salgorithmperformsadequatelyfor

ourpurposes.

In theworstcasethe last two stepsareboth ��w¬ � x . Theconditionsunderwhich this

occursare:

1. Relaxation:springpointsat finer levels of the springmeshmove just asfar asthe

springpointsat coarserlevels i.e. we derive little or no benefitfrom relaxationat

coarserlevels.
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2. Subdivision: thepolygonalpatchhasanexcessively distortedaspectratio.

In practice,both theseconditionsdo not occurexceptin pathologicalcases.A simplistic

alternativeto ourcoarse-to-finestrategy couldbeto immediatelysubdividethespringmesh

to thefinestlevel andrelaxthespringmeshat this level. In this case,sincetheindividual

spring points must now all move througha distance��w¬²x as well as the spring mesh

resolutionat thefinestlevel is ��w¬²x , thecostof runningtherelaxationis typically ��wh¬ � x .
Thusfrom a computationalpoint of view the coarse-to-finestrategy is preferableto this

strategy. As notedin section5.5.3thecoarse-to-finestrategy is morerobust thana single

stepstrategy.

5.9 A parameterization designperspective

Giventhat theonly input suppliedby theuserconsistsof a setof patchboundaries(i.e. a

polygonalpatch)ourautomatedcoarse-to-finerelaxationalgorithmgeneratesanacceptable

(i.e. a minimally distortedaswell asfair) parameterization.A reasonablequestionto ask

of any suchautomatedparameterizationschemeis: what if the automaticallygenerated

parameterizationis notacceptableto theuser?

To explore the possibilitiesraisedby this question,let us re-examineour parameteri-

zationalgorithmfrom a designperspective. In section5.1.2we posedthequestion:what

parameterizationdid theuserimplicitly designby specifyingapolygonalpatchthroughits

four patchboundaries.Wearguedtherethatausercanreasonablyexpectto havedesigned

a spring meshthat representsa smoothand uniform blendon the polygonalsurfaceof

the four boundarycurves. Note that this is the resultthatour automaticparameterization

proceduregenerates:the iso-curvesareuniformly spacedin both the Ú and Û directions

(basedon the arc lengthconstraint)and representa smoothblendon the surfaceof the

boundarycurves(basedon the parametricfairnessconstraint). In addition,eachsurface

element(springmeshopening)is ascloseto squareaspossible(basedon theaspectratio

constraint).

With this designperspective let us re-phrasethe questionwe asked at the beginning

of this section: what if our (automaticallygenerated)blendon the polygonalsurfaceof

thefour boundarycurvesdoesnot createanacceptableparameterizationof thepolygonal
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patch?As explainedin section5.1.2thedesignof theparameterizationof a surfacecan-

not, in general,beautomated.Clearlythis situationcallsfor theuserto specifyadditional

input in the form of constraintsto theparameterizationprocedure.Thereareseveralpos-

sible kinds of constraintsa usercould specify. We discussonekind in the next section:

featurecurves.Our ability to addconstraintsof thesort is indicativeof thegeneralityand

extensibilityof ourparameterizationstrategy.

5.10 Featurecurves

Wedefinea featurecurveasaniso-parametriccurvepaintedon thepolygonalpatch,i.e. it

isaface-pointcurvethatstartsatany oneboundarycurveandendsattheoppositeboundary

curve. Exactlyoneiso-curveof thespringmeshis constrainedto follow this featurecurve.

This meansthatthespringpointsthatcorrespondto theselectediso-curve areconstrained

to lie on the featurecurve. During the parameterizationprocess,the entirespringmesh

is coercedinto smoothlyinterpolatingthe featurecurve constraint.In general,a usercan

specifyarbitrarily many featurecurvesall of which areusedasconstraintsto theparame-

terizationprocedure.Featurecurvesarea form of scalableconstraint:in thelimit, theuser

could in theorymanuallyspecifyevery singleiso-curve of the springmeshto arbitrarily

customizethepatchparameterization.Naturally, thiswouldbeanextremelylaboriousand

thereforeundesirableprocedureandis notanexpecteduseof thefeaturecurveparadigm.

Ourstrategy of usingfeaturecurvesfor parameterizationdesignhasnotbeenattempted

previously in the surfacefitting domain. Previous work in this domainhasfocussedex-

clusively on capturingjust thegeometryof the input mesh,ratherthanon thedesignof a

suitableparameterization.In contrastweseparatethetwo tasksof first designingaparame-

terizationandsecondapproximatingsurfacegeometry. It isworthnotingthattherehasbeen

someworkonparameterizationdesignin thetexturemappingliterature[Maillot 1993,Ben-

nisetal.1991].While thesealgorithmswork well with regulardatasets,suchasdiscretized

splines,they canexhibit objectionableparametricdistortionsin general[Eck etal. 1995].

To a userof our system,featurecurvesarea naturalextensionof theparameterization

strategy. As discussedin theprevioussection,a usefulinterpretationof our automatically

generatedspringmeshesis asablendonthepolygonalsurfaceof thefour boundarycurves.
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The interpretationextendsin a straightforward mannerto featurecurves. First, assume

we aregiven just the four boundarycurvesandfeaturecurves in space(i.e. thereis no

underlyingpolygonalsurface).A reasonablespringmeshbasedon this input is a blendin

spaceof all the curvesinvolved. This operationis referredto asskinningin the field of

parametricsurfacedesign.As such,it is a straightforwardextensionof themorecommon

Coon’s patchblend [Farin 1990]. In the presenceof an underlyingpolygonalmesh,a

reasonableresultfor thespringmeshis a smoothblendonthesurfaceof boththeboundary

andthe feature curves. We usethis intuition to modify our parameterizationalgorithmin

thepresenceof featurecurves.

5.10.1 Specifyinga featurecurveconstraint

Featurecurves(or simply features) maybespecifiedusingexactly thesamepaintingpro-

cedurethat wasusedto createpatchboundaries(seechapter3). Our featurecurvesare

meantto beiso-curvesof thefinal springmesh.Thereforethreeratherobviousconstraints

areimposedduringthepaintingof featurecurves:

â Featuresmustlie on thepolygonalmeshsurface.

â Featuresmustlie within thepolygonalpatchbeingparameterized.

â Featuresmuststartandendatpointsonopposingboundarycurves.

We imposeno furtherconstraintson theplacementof featurecurves.To specifya feature

auserpaints(onthesurface)aface-pointcurvethatstartsatapointononeboundarycurve

andterminatesat a point on theopposingboundarycurve. Theusermustpaintreasonable

featurecurvesto obtainsensibleparameterizations.An exampleof anunreasonablesetof

featurecurvesaretwo Ú (or Û ) featurecurvesthatintersectwith eachotherat oneor more

points. In this casethe springmeshgeneratedby our algorithmwill fold on itself since

the featurecurvesfolded onto themselvesto begin with. We leave thesekinds of design

choicesto theuserratherthanalleviatethemby addingconstraintsto ourparameterization

procedure.

Imposingthefirst two constraints(i.e. thatfeaturecurveslie onthepolygonalmeshand

within a polygonalpatch)is trivial: we simply restrictthe paintingprocedureto vertices
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andpolygonsof thespecificpolygonalpatch.Thethird constraintis imposedasfollows.

Whena userpicks a startpoint for a featurecurve, we identify the closestpoint on the

boundarycurve that is nearestto the face-point(or meshvertex) pickedby theuser. This

selectsoutbothaclosestboundarycurveandapointon thatboundarycurve thatis closest

to thestartpoint. We implementthis operationusinga brute-forceapproach:we compute

theEuclideandistancebetweentheuserdefinedpoint to eachface-pointof eachboundary

curveandpick theclosestface-point.Despitebeinga bruteforcealgorithm,thisoperation

is rapidin practice.A graphsearchbasedalgorithmmightbemoreefficientbut in practice

it is notneededfor thisparticularoperation.

Oncewehavedeterminedthestartpointonaspecificboundarycurve,wejoin thepoint

to thefirst userpickedpoint usinga proceduresimilar to theoneexplainedin section3.2.

The usernow paintsthe restof the featurecurve usingthe usualcurve paintingprocess.

The boundarycurve on which the end point lies is the oneoppositeto the start point’s

boundarycurve. To terminatethefeaturecurve, we mustadda curve sectionthatreaches

from thelastuserpickedpoint to theclosestpoint on this opposingboundarycurve. This

is accomplishedusinga proceduresimilar to theoneusedto computethestartpointof the

featurecurve. First,we find theface-pointon theopposingboundarycurve that is closest

in Euclideanspaceto the last user-picked face-point.Second,we createa curve section

betweenthetwo pointsandappendthis to our featurecurve.

Oncepainted,featurecurvesmay be editedusingexactly the samekind of tools that

wereusedto editboundarycurves.Theresultof our featurecurvepaintingstepis apolyg-

onalpatchannotatedwith oneor more Ú andÛ iso-curves.Theseiso-curvesarenow used

asconstraintsto thespringmeshrelaxationprocess.

5.10.2 Using featurecurvesto guidespring relaxation

While featurecurvesarea fairly intuitiveextensionof our parameterizationstrategy from

ausersviewpoint,theresultingspringmeshesarelikely to beevenmoregloballydistorted

thanan unconstrainedspringmesh. An exampleof the additionaldistortion introduced

due to featurecurves is shown in figure 5.7. The additionally distortedspring mesh

is the desiredresult sinceit is the the userwho hasspecifiedthe featurecurves in the
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(a) (b)

Figure 5.7. Parametricdistortionintroducedby featurecurves. (a) shows an alreadydis-
tortedpatchshapeandtheassociatedspringmesh(shown asa grid). Thereareno feature
curvesin thispatch.Notethatthespringmeshsatisfiesour threeparameterizationrulesbut
is still distortedwith respectto area.(b) shows thesamepatchshapebut with two feature
curvesaswell (shown asthicker curves). Notethat theresultingspringmeshis evenmore
distortedthantheoneshown in (a).
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first place. Let us thereforere-examineour threesamplingcriteria to accommodatethe

distortionintroducedby featurecurves.In our discussionswe will find it usefulto usethe

notionof a springsectionandaspringsub-patch. Thesearedefinedasfollows:

â Springmeshsection: a setof springpointsthatlie in-betweentwo successive Ú or Û
featurecurves.

â Springmeshsub-patch: a setof springpointsthat areboundedby adjacentfeature

curves(or boundarycurves)in boththe Ú andÛ directions.

Thesetwo termsarefurtherillustratedin figurefigure5.8.

Now considerwhat it meansfor a featurecurve ã�ä to be the å -th iso-curve of the

springmeshin the Ú direction. For a givenresolutionof springmeshwhat this meansis

that the particularsetof springmeshpointsthat correspondto the å -th iso-curve of the

springmesh(in the Ú direction)mustall lie on the featurecurve ã�ä . As thespringmesh

resolutionbecomesfiner thespringmeshiso-curve correspondingto ã�ä simply hasmore

springpoints.All of thesespringpointsmustcontinueto lie on ã�ä . With thesedefinitions

in mind, let us now considereachof our threeparameterizationrulesin the presenceof

featurecurves.

5.10.3 Modifications to the arc-lengthcriterion

Figure5.9 motivatestheneedfor a modificationto theoriginal arc lengthcriterionwhen

featurecurvesarepresent.Thepatchin thefigurehastwo featurecurvesin the Û direction

i.e. s « Æ and s « � . Thecorrespondingspringsectionsarelabeledæ « Æ , æ « � and æ «�ç respec-

tively. Let usassumefor a momentthatwe’ve alreadycreateda satisfactoryspringmesh

re-samplingof this patch.Now considertwo iso-curves è Æ and è � of thefinal springmesh

re-samplingasshown in thefigure.

First observe that the part of è Æ that lies within section æ « Æ hasthe samenumberof

springpointsasthepartof è � that lies within sectionæ « Æ . Similarly, bothiso-curveshave

thesamenumberof springpointsin thepartsthatlie within eachof section’s æ « � and æ «�ç .
Thesenumbersarenotedin thefigureas��~ « Æ , ��~ « � and��~ «.ç respectively.
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Figure 5.8. Springmeshsectionsandsub-patches.The polygonalpatchshown herehas
four featurecurves- two in eachparametricdirection.Thefeaturecurvesin the é direction
arelabeledê � Æ and ê � � andthe featurecurvesin the ë directionarelabeledê « Æ and ê « � .
The intersectionsof thesefeaturecurvesareshown assolid circles. A springmeshsection
is a setof springpointsthat lie in-betweentwo adjacentfeaturecurvesor boundarycurves.
Thusthetwo é featurecurves ê � Æ and ê � � createthreeé sections.Thesearelabeledas ì � Æ ,ì � � and ì � ç . Thus,for example ì � Æ consistsof all the springpointsthat lie betweenthe
boundarycurve on theleft and ê � Æ andsoon. Thethreeë sectionscreatedby ê « Æ and ê « �
arelabeledin similar fashion. The numberof iso-curvesin eachsection ìßí areindicated
alongsideasîq~kí . Thereare9 sub-patchescreatedby the4 featurecurvesshown. Eachsub-
patchis boundedby four featureor boundarycurves. Sub-patchesare indexed according
to the é and ë valuesof the four surroundingfeature(or boundary)curves. The central
sub-patchis thereforelabeledin the figure asSub-patchïðé�¨¾ñkëÏ¨¾ñké�ò¾ñfëÏò
ó . For convenience
we will assignthe boundarycurves é and ë valuese.g. the boundarycurve on the left is
assignedthevalueé1ô , while theoneon theright is assignedthevalueé�õ .



CHAPTER5. GRIDDEDRESAMPLING 125

Fv2

Fv1

Spring iso−curve I1 Spring iso−curve I2

n      spring points eachsv3

n     sv2

n     sv1

Figure 5.9. Changesto the arc lengthcriterion. The patchshown hastwo featurecurvesê « Æ and ê « � . Thetwo iso-curves ö Æ and ö � thatareshown hereeachhave thesamenumber
of springpointswithin a particularsectionof thepatch.Seethetext for detailson why this
factimpliesthatwecannotsatisfyouroriginalarclengthcriterion.

Also observethatthenumberof springpointsof è Æ within sectionæ « Æ is independentof

thenumberof springpointsof è Æ within eachof sectionsæ « � and æ «.ç i.e. thepartsof agiven

iso-curve that lie within differentsectionsareindependentof eachother. This is because

eachfeaturecurve is an actualiso-curve of the springmesh. Therefore,springpointsin

onesectioncannotcrossover to neighboringsections.Thisobservationimpliesthatunless

we choosethe relative numberof samplepointsfor an iso-curve within eachsection,we

cannothopeto maintainarclengthuniformity over theentirelengthof theiso-curve.

Let usassumethatwecomputethenumberof samplepointsfor eachsectionof è Æ such

that we have a uniform arc lengthdistribution of springpointsalong è Æ i.e. assumewe

have fixedthenumbers��~ « Æ , ��~ « � and ��~ «.ç suchthat thearc lengthcriterionholdsfor è Æ .
Now, from thefigurewe notethat thepieceof è Æ within sectionæ « Æ is muchshorterthan

thepiecein sectionæ « � . Thereforein orderfor arc lengthuniformity along è Æ at leastthe

following mustbetrue:

��~ « � Ñ¼��~ « Æ
i.e. thenumberof springpoint of è Æ within æ « � mustbegreaterthanthenumberof spring

pointsof è Æ within æ « Æ .
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Now usingexactly thesameargumentsfor è � aswedid for è Æ :
��~ « � Ô¼��~ « Æ

i.e. for è � to satisfythearclengthcriterion,thenumberof springpointsof è � within section

æ « Æ mustbegreaterthanthenumberof springpointsin sectionæ « � .
Clearly the two requirementsinferredfrom thefigurearein contradiction.This indi-

catesthatin thepresenceof featurecurveswecannotin generalsatisfyouroriginalcriterion

for arc length. Thuswe cannotensurethatanarbitraryiso-curve will uniformly sampled

over its entirelength.Howevernotethatwithin a particular sectionwe canin factachieve

a uniform arclengthfor eachiso-curve,This observationformsthebasisfor our modified

arclengthcriterion:

â Arc lengthuniformity: the springpoint spacingalonga particulariso-curve should

beuniformwithin eachpieceof theiso-curvethatis within aspringmeshsection(or

sub-patch).

Notethatanalternateformulationcouldhavebeento allow for acertainminimalarclength

non-uniformitywithin eachsection.An exampleof sucha schemeis onethatblendsarc

lengthnon-uniformityacrossfeaturecurves.This couldbea usefulmodificationfor some

applications,but wehave foundourmethodto work well in practice.

5.10.4 Modifications to the aspect-ratiocriterion

The parametricdistortion inducedby featurecurvesaffectsour aspectratio criterion as

well. In this caseour original criterionis compromisedby the fact thateachspringmesh

sub-patchdictatesits own preferredaspectratio. Sincewe have a tensorproductparame-

terizationthesepreferredaspectratiosconflictwith eachother. Take for examplethepatch

andfeaturecurvesetshown in figure5.10. Wehave labeledfour springmeshsub-patches

in thefigureas æ Æ , æ � , æ ç and æ À . æ Æ and æ ç aretall andthin (i.e. moreresolutionin the÷ direction)while æ � and æ À areshortandbroad(i.e. moreresolutionin the ø direction).

Sincewe have a tensorproductparameterizationæ Æ and æ À have the samenumberof ø
subdivisions,asdo æ � and æ ç . Thesenumbersarelabeledas ��~h� Æ and ��~h� � respectively.
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Figure 5.10. Modificationsto theaspectratio criterion. Thetext explainswhy, becauseof
thisparticularsetof featurecurves,theaspectratiocriterionasdefinedearliercannolonger
besatisfied.

Similarly, æ Æ and æ � have the samenumberof ÷ subdivisionsas do æ À and æ ç . These

numbersarelabeled��~ «�ç and ��~ « Æ respectively. It is straightforwardto show that it is not

possibleto satisfytheaspectratio criteriaof all four of thesesub-patches.Let usassume

thatwewereableto satisfytheaspectratiocriterionfor eachof thefour sub-patches.Since

æ Æ is tall andthin wehave theequation:

��~ «�ç��~h� Æ �4�ù�@� Æ � Æ ÑB�
A similarargumentfor eachof æ � , æ ç and æ À givesusthefollowing equations:

��~h� ���~ «�ç �4�ù�@� � � � ÑB�
��~ « Æ��~h� � �4�ù�@� ç � ç ÑB�
��~h� Æ��~ « Æ �4�ù�@� À � À ÑB�
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Takingaproductof theleft andright handsidesof thesefour equationsgivesus:

��~ «.ç��~k� Æ
��~h� ���~ «�ç ��~ « Æ��~h� �

��~k� Æ��~ « Æ �Bú Àûýü Æ w��D�@� û x:� û ÑB�
i.e.

�©�Lú Àû6ü Æ w6����� û x?� û ÑB�
which is clearlya contradictionsincetheright handsideof theequationis strictly greater

than � .
We concludethat, in generalit is not possibleto simultaneouslysatisfyall theaspect

ratio constraintscreatedby a setof featurecurves.Unfortunatelyunlike thethearclength

criterion, thereis no reasonablesubsetof the aspectratio criterion that we canhopeto

satisfy. Therefore,we chooseto preserve our goal of aspectratio uniformity with the

additionalcaveatthat in generalit is not possibleto attainoptimalaspectratiosfor every

singlesub-patch;in otherwords:

â Aspectratio uniformity: the spacingalonga Ú iso-curve shouldbe the sameasthe

spacingalonga Û iso-curve for every springmeshsub-patchto the extent feasible

within theconstraintsimposedby thefeaturecurves.

This is a weakcriterionat bestandthis is reflectedin our implementationstrategy for

thiscriterion:wekeepthedecisionregardingthebestinitial aspectratiosto theuser.

5.10.5 Modifications to the fair nesscriterion

Let us turn now to our parametricfairnesscriterion. Recallthat this termwasintroduced

asa regularizationtermto createa parametricallyfair springmesh.Thetermmakeseach

iso-curve as tight (or minimal length) as possiblegiven the other two constraints. We

would like our parameterizationsto alwayspossessthis propertyregardlessof thenumber

of constraintsadded. Figure5.11 shows the differencesin the fairnesscriterion in the

presenceof featurecurves.If we considerany singleiso-curve ( è Æ or è � in thefigure)asit

passesthroughseveralsectionswe notethattherearetwo kindsof fairnessthatwe would

like to ensurefor theiso-curve:
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I 1 I 2

Figure 5.11. Theparametricfairnesscriterionin thepresenceof featurecurves.

1. Parametricfairnesswithin aspringsection.

2. Parametricfairnessat theinterfaceof two adjoiningspringsections.

Thusin thefigureshown è Æ is aniso-curve thatsatisfiesbothpropertieswhile è � doesnot

satisfyproperty2 i.e. è � is un-fair at the junctureof two sections.Our statementof the

fairnesscriterionhowever neednot changesincefor aniso-curve to beof minimal length

in thepresenceof featurecurvesit mustautomaticallysatisfybothof thepropertiesabove.

Therefore:

â Parametricfairness: Every Ú and Û iso-curve shouldbe of the minimum possible

lengthgiventhefirst two criteria.

5.11 Featurecurves:an implementation

To summarize,wehaveproposedchangesto eachof ourthreeparameterizationrulesin the

presenceof featurecurves.Thechangesare:

â Thearclengthcriterionholdswithin aspringsectionbut not globally.

â The aspectratio criterion hasbeenweakenedto statethat the criterion holdsonly

whereit is feasible(giventheconstraintsimposedby thefeaturecurves).



CHAPTER5. GRIDDEDRESAMPLING 130

â The parametricfairnesscriterion staysthe sameasbefore. The main differenceis

thatour implementationmustconsiderfairnessbothwithin a springsectionaswell

asat theinterfaceof two adjoiningspringsections.

Froman implementationperspective eachspringmeshsub-patchessentiallybehaveslike

an independentpatchexcept for the parametric fairnessconstraintwhich is propagated

acrossfeaturecurves to neighboringsub-patches.Intuitively then, featurecurvesact as

semi-permeablepatchboundariesthatonly let theparametricfairnesscriterionthroughto

neighboringsections.

In this sectionwe describemodificationsto our earliercoarse-to-fineparameterization

strategy in thepresenceof featurecurves.Ourdiscussionis in four parts.First,wediscuss

changesto fundamentalspringpoint datastructuresto accommodatefeaturecurves. Sec-

ond,wediscusshow to initialize a springmeshbasedona setof featurecurves.Third, we

examinethemodificationsto thespringmeshrelaxationprocess.Finally, we explain the

changesto ourspringmeshsubdivisionstep.

5.11.1 Data structurechanges

Thusfar, theonly constraintonourspringpointswasthatthey shouldlie on thesurfaceof

thepolygonalmeshi.e. a springpoint wasjust a face-point.With theadditionof feature

curves,additionalconstraintsmustbe imposedon springpoints. Thesechangesmerely

accountfor thosespringpoints that areeitherconstrainedto featurecurvesor lie at the

intersectionof two featurecurves.Figure5.12motivatestheseadditionalchanges.

First considerthe face-pointsthat lie at the intersectionof two featurecurves. Since

eachof the featurecurveseventuallycorrespondsto an iso-curve of the springmesh,the

intersectionof two curves must correspondto a spring point. Sincethe featurecurves

do not shift positionduring theparameterizationprocedure,neitherdoesthis intersection

springpoint. We call suchimmovablespringpointsanchors or anchor springpoints. In

figure5.12thespringpoint r Æ correspondsto suchapoint. Notethatall springpointsthat

lie onboundarycurvesareeffectively anchorssincethey nevermoveduringrelaxation.

Now considerthosespringpointsthat lie on a featurecurve but not at the intersection
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Figure 5.12. Threedifferent kinds of spring points. The figure shows the 2 new kinds
of springpointsthat mustbe introducedto accommodatefeaturecurves. First, theanchor
points:pointsthatlie at theintersectionof two featurecurves.They arenevermovedduring
our relaxationprocess. §©¨ is an exampleof an anchorpoint. The secondkind of point
introducedare the curve-points: theseare points that are constrainedto lie on a feature
curve. §©ò and §�þ arecurve points. §©õ representsanexampleof a regularface-point.

of two features.Thesepointsareconstrainedto stayon thefeaturecurve at all timesdur-

ing therelaxationprocedure.We call thesepointscurvespringpointsor curvepoints. In

the figure r � and r ç arecurve points. We will find it useful to definea function Move-

PointOnCurvefor thecurve-points.We will usethis operationon curve-pointsmuchlike

we usedMovePointOnSurfaceon face-pointsearlier. AppendixA describesthedetailsof

this implementation.

Finally, therearespringpointsthatarenot directly affectedby the featurecurve con-

straint.Theseareexactly thepointsof thespringmeshthataren’t anchorsor curve points.

r ç in thefigure is onesuchpoint. Thesepointsbehave exactly asthey did in our original

unconstrainedre-samplingstrategy. With thesesimplechangeto our basicdatastructures

let us now examinehow to initialize, relax andsubdivide featurecurve enhancedspring

meshes.

5.11.2 Initializing the spring mesh

Our initializationprocedureis split into two steps.In thefirst stepwecreateaspringmesh

thatis basedon just theanchorpointsof thespringmesh.This is foundby computingthe

intersectionsof all pairsof Ú andÛ featurecurves.This initial springmeshmightnotmeet
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the requirementsof theaspectratio criterion. Therefore,in thesecondstepwe subdivide

theinitial springmeshfrom thefirst stepto achievea satisfactoryaspectratio.

Our first stepis to computethe intersectionsof eachfeature(andboundary)curve in

the Ú directionwith eachfeature(andboundary)curve in the Û direction. Thesespring

pointsareall anchorsandconstituteour initial springmesh.Let usconsideroneof these

computationsi.e. theintersectionof two featurecurves;oneeachin the Ú andÛ directions.

Givenapairof any two surfacecurves,they mayintersectin anarbitrarynumberof points.

Theintersectionsmight includecomplex casessuchastangentialintersections.However,

weareconcernedwith amuchsimplerproblem.In ourcase,thetwo surfacecurvesareiso-

parametriccurvesin the Ú and Û directionrespectively andusuallyhave onewell defined

intersection.In a tensorproductparameterizationevery single Ú iso-curve mustintersect

every Û iso-curve in at leastonepoint.

Giventwo featurecurves s1� and s « , procedureIntersectSurfaceCurves(s1� , s « ) findsa

face-pointr/� « that lies on both featurecurves. Recallthatall our surfacecurvesarerep-

resentedasface-pointcurves.Therefore,procedureIntersectSurfaceCurvesmustcompute

the intersectionof two face-pointcurves. Note that thesecurvesneednot have any face-

pointsin commonevenif thesurfacecurvesthey represent(i.e. sample)doin factintersect.

Evena linear(or higherorder)reconstructionof theface-pointcurvesis not guaranteedto

intersectin anexact,mathematicalsense.Therefore,a reasonableimplementationof the

proceduremight beto find a point on a linearre-constructionof thefirst face-pointcurve

that is closestin ÿ ç to a linear re-constructionof the secondface-pointcurve. However,

notethat this implementationcouldyield incorrectresultsin pathologicalcasese.g. if the

face-pointcurvesareclosetogetherat certainpointsin spaceeventhoughat thosepoints

they arewidely separatedon thesurface.To alleviatethis problemwe restrictour closest

point computationbetweentheface-pointcurvesto an intersectionneighborhoodon each

face-pointcurve. Theintersectionneighborhoodis computedasfollows.First,wecompute

graphpathscorrespondingto eachsurfacecurve by chainingtogethera sequenceof ver-

ticesthatareeachclosestto consecutive face-pointson thecurve. Sincethefeaturecurves

follow thetwo iso-parametricdirections,they crosseachotheron thesurface.Therefore,

thecomputedgraphpathsfor thefeaturecurvesintersectata meshvertex. Oneachcurve,

we useasour intersectionneighborhooda small (constantsize)setof face-pointsin the



CHAPTER5. GRIDDEDRESAMPLING 133

neighborhoodof theface-pointon thatcurve thatcorrespondsto themeshvertex.

An initial springmeshthatis basedonjusttheintersectionof thefeaturecurvesmaynot

satisfyouraspectratiocriterion.Sinceoursubdivisionstepuniformlysubdividesourspring

mesh,theinitial aspectratiowill bepreservedin thefinal springmesh.Thesecondstepof

our initializationprocessis to subdividethespringmeshsectionsto achieveabetterinitial

aspectratio. As we observedearlier, it is not in generalpossibleto satisfyour aspectratio

criterionglobally. In facttheusermightdesireadistortedaspectratio in thefirst place.For

thesereasonswe allow theuserto supervisethis secondstageof theinitializationprocess.

In our system,we allow theuserto selectively subdivide springmeshsectionsto attaina

desirableinitial aspectratio.

5.11.3 Relaxing the spring mesh

Thegoalof our relaxationstepis thesameasbefore:to re-distributespringpointson the

surfacesuchthat our criteria of arc lengthand parametricfairnessare met. As before,

we achieve this goal by first computingforceson individual springpoints(basedon the

parameterizationrules)andsecondby usingtheseforcesto movethepointsover themesh

surface.Theequilibriumpositionof thespringpointsminimizestheresultantforcesdueto

our rulesandthereforerepresentsthedesiredminimalenergy springmesh.

Anchorpointsby definitiondo not move duringtherelaxationprocedure.Let uscon-

sidertherelaxationbasedforcesfor theothertwokindsof face-points:regularspringpoints

andcurve-points.

Relaxationfor regular spring points remainsexactly the sameas before (seesec-

tion 5.5.3). Theseare the points that are completelywithin a spring sub-patch. Since

all forcesarecomputedlocally, thesepointsdo not interactdirectly with thespringpoints

of otherspringsub-patches.They interactwith oneor moreof theotherspringpointsin the

samespringsub-patchor with theanchorsor curve-pointson boundingfeature(or bound-

ary)curves.In bothcases,theforcesonaregularspringpointsmaybecomputedin exactly

thesamefashionasthey wereearlier.

Let usnow considerthecurve-points.By definitionthesepointsareconstrainedto lie

on the featurecurves. Therefore,any forceson themwill move themonly on the feature
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curve itself. As mentionedearlierfeaturecurvesactassemi-permeableboundaries:they

propagatefairnessacrossneighboringsub-patchesbut not arclength.Therearetwo kinds

of forcesactingon thecurve-point:a forcebasedon parametricfairnessanda forcebased

on arc length. To illustratehow theseforcesarecomputedlet usconsiderthecurve-point

r shown in figure 5.13. As shown in the figure, r is constrainedto lie (or move) on a

Û iso-curve s « . The two neighborsof r alongthe featurecurve arelabeledr « � and r « u .
Since r , r « � and r « u areall constrainedto a fixedfeaturecurve s « it doesn’t make sense

to imposea fairnessconstrainton r basedon r « � and r « u . This is becausewecannothope

to make thetheiso-curve of thespringmeshthatcorrespondsto s « any “tighter” than s «
itself. Thereforethesetwo neighborsof r areusedonly in arclengthcomputations.

Now considerthe othertwo neighborsof r , labeled r/�dt and r/�dÝ in thefigure. Since

r lies on a featurecurve, thesepointsbelongto differentspringmeshsections(andthere-

fore sub-patches).Recallthat featurecurvesareimpermeableto thearc lengthconstraint

i.e. arc-lengthuniformity is not maintainedacrossa featurecurve. Thereforethesetwo

neighborsof r arenotusedfor arclengthcomputations.Weusethemonly for thefairness

computation.

To summarize,r1�dt and r/�dÝ areusedto computetheparametricfairnessbasedforceand

r « � and r « u areusedto computethe arc lengthbasedforce on r . The resultantof these

two forcesmoves r to a new positionalongthe featurecurve s « . Let us turn now to the

computationsof theseforces.

The arc length force shouldmove the curve-point r alongthe featurecurve s1� to a

new point that lies at the mid-point, on the curve, of r1�d� and r1�du . This is indicatedin

figure5.13a.Thearclengthforceon r is thereforecomputedasfollows. Let ���Âwhr Æ�� r � x
bea functionthat returnsthearc lengthbetweentwo points r Æ and r � on a featurecurve

s . If ÷ � representsthetangentvectorat r , thenthearclengthforceon r is givenby:

ã±t�ufv±�Fw������ßwhr1�du � ryx È �����ßwr � r1�d� x6x ÷ � (5.14)

Thegoalof theparametricfairnessbasedforcenow is to ensurethat the iso-curve on

which r , r/�$t and r/�dÝ lie is asfair (or “tight”) aspossible.This will occurwhenthethree

pointsareascloseto beingin a straightline on the surfaceaspossible.An exampleof
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Figure5.13. Curvepointmotion.Duringtherelaxationprocesscurvepointscanmoveonly
alongthe featurecurve on which they werecreated.The figure shows the neighborsof a
curvepoint § bothalongthefeaturecurve( § « � and § « u ) andalongtheiso-curve in theother
iso-parametricdirection( § �dt and §Ï�dÝ ). (a)showsthefinal positionof thecurvepointdueto
arclengthforces.(b) shows thefinal positionof thecurve pointdueto fairnessforces.
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a final stateof r basedon the fairnessforce is indicatedin figure5.13b. To computethe

fairnessforce,we mustfirst definetheforceson r dueto eachof r1�dt and r1�dÝ . Theseare

definedas:

ã±�$¡��jr/�$t È r
and

ã±�.¢
	Ï£ �¹r/�dÝ È r
Thevectorsdefinedabove do not in generallie on thesurfacetangentplaneat r . Let the

correspondingvectorsthatareprojectedto thetangentplaneat r be ã ��d¡ and ã ��.¢
	 £ . Since

thearclengthconstraintis notpropagatedacrossfeaturecurves,wearenotconcernedwith

theactuallengthsof thesevectors.Examiningthedesiredrestpositionof r on thecurve

s1� wefind thatif theunit vectorsin thedirectionscorrespondingto thetwo forcesdefined

earlierfacein oppositedirections,our fairnesscriterion will be satisfied.Accordingly if

we let theresultantof thesevectorson thetangentplaneat r be:

ã �zdt�{Mu � ã ��d¡� ã ��d¡ � � ã ��.¢
	Ï£� ã ���¢�	Ï£ � (5.15)

andthefairnesscriterionis givenby

ã±zdt�{MuÂ�4w ã �zdt�{Mu� ÷ �fx ÷ � (5.16)

where÷ � onceagainis thetangentto thecurveat r .

Thusthefairnessandarclengthbasedforcespull thecurve-point r in potentiallydif-

ferentdirectionsalongthe iso-curve s « . Theresultantforceon r is givenby a weighted

combinationof ã±t�ukv and ã±zdt�{Mu .
ã±uf}h~k�d�·���¹�qvÍ�du « ã±t�ukv¦���qvÍ�du « ã±zdt�{Mu (5.17)

In practicewhenour relaxationiterationstartsthepointsarere-distributedpredominantly

accordingto the arc lengthcriterion (i.e. �qv�du « � � and �qvÍ�du « �R� ). As the relaxation

progressesprogressesthefairnesscriterionis givenincreasingweight(i.e. �/vÍ�du « �)� and

�qvÍ�du « � � ). This simplestrategy yields satisfactoryresults. We have found it useful to
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supplytheuserwith theoptionto interactively vary therelativeweightsof �/vÍ�du « and�qvÍ�du «
duringtherelaxationprocess.

5.11.4 Spring meshsubdivision

Springmeshsubdivisionin thepresenceof featurecurvesis astraightforwardextensionof

our earliersubdivision process.Featurecurvesprovide additionalflexibility in thata user

canselectively subdivide individual sectionsof the patchandnot affect othersectionsin

theprocess.Notethatit is not possibleto subdivideanarbitraryspringsub-patchbecause

ourspringmeshis aregulargrid. To uniformly subdivideasub-patchin bothdirectionswe

mustsubdivide bothsectionsthat thesub-patchbelongsto. This is an inherentlimitation

of thenon-hierarchicalrepresentationof our springmeshandof a tensorproductB-spline

surfaceratherthana limitation of thetechniquesexplainedherein.

Thesubdivision processproceedsin muchthesameway asalreadyexplainedin sec-

tion 5.6. The one new casewe encounterwith featurecurves is the subdivision of an

iso-curvethatcorrespondsto a featurecurve. Thisrequiresusto find themid-pointof each

pair of adjacentcurve-pointsthatlie on thesamefeaturecurve. This is accomplishedsim-

ply by finding a new springpoint that lies at themid-pointon thefeature-curve of thetwo

originalspringpoints.

Theability to selectively subdivide eachspringmeshsectionallows theuserto selec-

tively refineregionsof the meshwheremorespringpointsmight be needed.Since,the

fitted splinesurfacescloselyfollow theunderlyingspringmeshthis effectively allows the

userto placemoresplineiso-curvesin any section.It is worthnotingthattheregionauser

choosesto selectively subdividedoesnot necessarilyhave to begeometricallycomplex or

dense.Take for examplethesplinecontrolmeshesof human(or humanoid)facesthatare

generatedfor animation.Evengeometricallysimpleregionssuchastheeye socket or the

region aroundthe mouthareoften representedusinga densecontrolmeshto provide for

convincing facialexpressions[Parke & Waters1996]. Thusthechoiceof which region to

selectively subdivide is oftendomaindependantandis betterdeterminedby theuserthan

by anautomatedalgorithm.
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5.12 Featurecurves:discussion

Froma surfacedesignperspective, featurecurvesarea naturalextensionto our basicpa-

rameterizationstrategy (section5.10).Fromanimplementationperspective,featurecurves

arestraightforward to incorporateinto our parameterizationstrategy. Although it is pos-

sible to createpoor parameterizationsusing featurecurves, the principal benefitsof our

parameterizationstrategy thatwereoutlinedin section5.7continueto holdtruein thepres-

enceof featurecurves. In addition,theusercannow createarbitraryparameterizationsby

specifyingjust a few featureconstraints.Figure5.14shows anexampleof featurecurves

in action.

5.12.1 A variational perspectiveof our parameterization algorithm

A usefulpropertyof featurecurvesis thata userspecifiesonly thoseconstraintsthatare

importantin theirapplication.Therestof theparameterizationis “filled in” automatically,

interpolatingthoseconstraintswith aminimumenergy (i.e. distortion)springmesh.In this

sense,our parameterizationstrategy is similar in philosophyto variational(or free-form)

surfacedesign[Welch& Witkin 1994]wherea minimumenergy surfacegeometryis au-

tomaticallycomputedgivena small setof userspecifiedconstraints.In our pipeline,the

geometryof thesurfaceis alwaysconstrainedto approximatetheoriginal polygonmesh;

it is insteadtheparameterizationof eachpatchwhich is computedto satisfyuser-specified

constraints.Fromthisperspective,ourparameterizationproblemmaybeviewedasavari-

ationalparameterizationdesignproblemandourspecificspringmeshbasedsolutionmay

beviewedasafinite differencesolutionto thisdesignproblem.

5.13 Results

In this chapterwe presenteda robust andefficient parameterizationalgorithmfor irregu-

lar polygonalpatches.Severaldesirablepropertiesof ourparameterizationalgorithmwere

analyzedin section5.7. In this sectionwe demonstratethesepropertiesusingtwo practi-

cal examples:theArmadillo andtheBofar model. Figure5.15shows someresultsof our
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(a)

(c)

(b)

(d)

Figure 5.14. (a) shows the final springmeshre-sampling(reconstructedastriangles)of a polygonalpatchdefinedon
the wolf ’s head.This re-samplingdid not useany featurecurves. (b) shows a detail of this automaticallygeneratedspring
mesharoundthewolf ’s eyebrows. Notethat theparameterlinesdo not follow thecurve of theeyebrows. In particular, note
that in certainregions the geometryof the eyebrow runs diagonalto the two principal directionsof the parameterization.
Modifying thegeometryof theeyebrow usingthisparameterizationwould bevery un-wieldy. Also notethatthespringmesh
samplesareuniformly distributedover the entirepolygonalmeshsurface. (c) shows (in purple)a setof two featurecurves
thatwerespecifiedonthepolygonalpatchto guidetheparameterization.Thesefeaturecurveswereintroducedto accomplish
two goals.First, to have thespringmeshfollow thecurve of theeye-brows. This changenow allows theuserto control the
geometryof theeyebrow usingasingle(or afew adjacent)iso-parametriccurve. Second,wewantedto generateadensersetof
samplesin theregion aroundthewolf ’s eyes(i.e. betweenthetwo featurecurves).Thischangegivestheusergreatercontrol
(moreiso-parametriclines)over thegeometryof theeyesof thewolf. (d) shows adetailof thefinal springmeshre-sampling
of the wolf ’s headin the presenceof thesetwo featurecurves. Note that the springmeshgeneratedby our feature-driven
parameterizationprocesssatisfiesbothgoals.



CHAPTER5. GRIDDEDRESAMPLING 140

parameterizationalgorithmson thesemodels.Notetheuseof feature-drivenparameteriza-

tionsfor theBofar model.

Thefirst notableaspectof theseparameterizationsis thefidelity of ourfinal springmesh

to the original polygonalmodel. In figures5.15(a)and(c) we have shown split views of

the two models. In both casesthe left half of the modelis a triangularreconstructionof

thespringmesh.Theright half of themodelis theoriginal polygonaldata.Note that the

triangularreconstructionof our springmeshis indistinguishablefrom theoriginalpolygo-

naldata.A moredetailedexampleof thefidelity of ourspringmeshre-samplingalgorithm

wasshown earlierin figure5.6.

Thesecondnotableaspectabouttheparameterizationsof theArmadilloandBofaris the

rapiditywith which theparameterizationswerecreated.TheArmadillo hasabout350,000

polygonsand 104 patches. The final griddedre-samplingof the entireArmadillo took

under8 minutes(the figure shows just half of the final springmeshes)The Bofar model

hadabout450,000polygons.It had12 patchesand33 boundarycurves. In additioneach

patchhadoneor morefeaturecurvesthatwereaddedto it. Thesepatchesandboundary

curveswerecarefullyplacedto allow for subsequentanimation. The entirespringmesh

re-samplingtook under2 minutesfor this setof patches.All computationsweretimedon

a MIPS 250MHz R4400processor. It is worth notingthat in boththesecases,theprecise

positioningof boundaryand featurecurves took significantlymore time than the actual

parameterizationprocessitself (seechapter3).

NotethatdespitethefactthatBofarhasalargernumberof polygonsthantheArmadillo

it haslessgeometricdetail. Thereforeour terminationcriterion generatesspringmeshes

thatcontainmorespringpointsthanarestrictly necessary. However notethatneitherthe

speedof our algorithmnor the quality of our resultsarecompromisedasa resultof this

conservative terminationcriterion.

A third notableaspectaboutthe parameterizationsof the modelsshown is that they

wereconstructedin an interactive environment.Our algorithm’s coarse-to-finerelaxation

strategy was invaluablein this environment. The modelercould pausethe relaxationat

a coarserresolutionand make modificationsto the input (suchas modifying boundary

curvesor addingfeaturecurves)andpreview resultsat interactive speeds.This dynamic

userinteractionwould not have beenpossiblewith a static (i.e. slow) parameterization
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scheme.

Theability to interpolatea few (important)featurecurvesandautomaticallyfill in the

restof thespringmesh,is auniqueandusefulability of ourparameterizationalgorithm.For

example,theBofar modelshown in figure3.17bwasconstructedto meettheneedsof an

animation.Notetheuseof featurecurvesto guidetheparameterizationof themodel.These

featurecurveswerespecifiedtomatchcertainanatomicalcharacteristicsof themodel.Note

that only a few key featurecurveswereneededto specify the requiredparameterization

(seefigure3.17b). Our featuredrivenparameterizationalgorithmautomaticallycreateda

parameterizationthat interpolatedthesefeatureconstraints.Thefigureshows anexample

of thechangesinducedby thefeaturecurveconstraint.
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(c) (d & e)

(b)(a)

Figure 5.15. (a) shows a split view of the Armadillo model. The left (bright green)half of the model is a smooth
triangularreconstructionof our final, per-patchspringmeshes(aboutone-halfof 104patchesareshown here).Theright half
(gray)of themodelis theoriginalpolygonalmesh.Wehaveomittedthepatchboundarylinesfrom this imageto avoid clutter.
A detailof someof theArmadillo springmeshesatalowerresolutionis shown in (b). Thespringmeshrelaxationprocesstook
under8 minutesfor theentire104patches(of whichonly half areshown here).(c) shows a similar split view of Bofar. Only
theleft half of Bofar was“patched”.Thespringmeshrelaxationprocessfor the12patchestookunder2 minutes.All timings
weretakenon a MIPS250MHz R4400processor. (e) shows adetailof thespringmeshesaroundBofar’s chestandshoulder
regionsatanintermediatestageof theparameterizationprocess.Notehow thefeaturecurves(seefigure3.17for theplacement
of Bofar’s featurecurves)onBofar affect theflow of springmeshiso-curves.For comparisonwe have shown in (d) thesame
setof springmeshes(at similar resolutions)whenfeaturecurveswerenot used.Theparameterizationsgeneratedin (d) are
not incorrect.In fact they areperfectlyacceptablefor surfacefitting purposes.Bofar’s featurecurve drivenparameterization
wascreated,for purposesof animation,to matchcertainanatomicalfeatures.Notice that for bothmodels,the springmesh
re-samplingaccuratelycapturesthedetailpresentin theoriginalpolygonmesh.In thenext stepof oursurfacefitting pipeline
wefit B-splinesurfacesto thesespringmeshes.



Chapter 6

Splinesurfacefitting

Onceour input polygonmeshhasbeenparameterized,the next stepin our pipelineis to

fit a combinationof splinesurfacesanddisplacementmapsto the parameterizedsurface.

As explainedin chapter1, thesplinesurfacecapturesthe coarsegeometryof thesurface

while the displacementmapcapturesfine detail. The resolutionof the splinesurfaceis

chosenby the userandboth the splinesurfaceandthe associateddisplacementmapare

automaticallydeterminedbasedon this resolution.In this chapterwe devoteourselvesto

thediscussionof how theB-splinesurfacefit is obtainedoncethepolygonalpatchhasbeen

parameterized.Wediscussthecomputationof displacementmapsin thenext chapter.

Oncewehavegeneratedthefinal springmesheswecouldusethemin oneof two ways:

first, we could usethe springmeshto assignparametervaluesto the meshverticesand

proceedwith a traditionalnon-linearoptimizationstrategy to fit to themeshvertices(since

themeshverticesaredistributedirregularlyon thepolygonalsurface).A secondapproach

is to fit oursurfacesdirectly to thespringmesh.As explainedin chapter4 we havechosen

to usethesecondapproachi.e. wefit ourB-splinesurfacesdirectly to thespringmesh.We

aremoreinterestedin anapproximationto themeshsurfaceitself ratherthanjust themesh

vertices.As suchif thespringmeshis a faithful re-samplingof thepolygonalsurfacethen

fitting to thespringpointsdoesnot compromisethequality of our fitted B-splinesurface.

As theresultsfrom thepreviouschapterdemonstrate,thespringmeshesgeneratedby our

coarse-to-finegridding algorithm do in fact satisfy the requirementsfor surfacefitting.

Furthermore,asexplainedin chapter4, fitting to thespringmeshis computationallymore

143
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efficient.

Thischapterdescribeshow weobtainaB-splinefit of agiven(userspecified)resolution

from our springmesh. We begin (section6.1) by first characterizingour approximation

measure.In particularwe addressthe issueof what it meansfor a B-splinesurfaceto

reasonablyapproximateasetof datapoints.Section6.2thendiscussesourspecificsurface

fitting implementation.We thenconcludethis chapter(section6.3) with someresultsof

oursurfacefitting algorithmanddiscussits usefulpropertiesin aninteractivesetting.

6.1 Characterizing an approximation measure

Our fitting function is a uniform tensorproductB-splinesurfaceof a fixed,userspecified

resolution.Thedatasetwearefitting to is thespringmeshwhich is a regulargrid of face-

points. Thegoalof thefitting processis to assignpositionsin ÿ ç to theB-splinesurface

control verticessuchthat the resultingsplinesurfaceis a “reasonableapproximation”to

the springmesh. As suchthereareseveralapproximationstrategiesthat could meetthis

criterion.

A simplestrategy is to sub-samplethe springmeshpointsandusetheseas the edit

points[Forsey & Bartels1988]of a B-splinesurface.This is clearlysomekind of approx-

imationto thespringpoints. However it is a poorone. Signalprocessingtheorysuggests

thatsub-samplingandreconstruction(in our casetensorproductB-splinereconstruction)

of a dataset canproducean aliasedversionof the surfacethat the dataset is meantto

represent.Of course,therearereasonablestrategiesin thesignalprocessingliteraturethat

overcomesuchaliasingproblemsandthesecouldbeappliedto alleviatetheproblemswith

this simplistic solution. However, suchmodificationsinvolve smoothingout the spring

mesh,potentially losing surfacedetail that would otherwisehave beencapturedby the

splinesurface.Thereforesucha strategy is notacceptableto us.

Insteadwe seeka B-splinesurfaceoutputthatrepresentsthebestpossibleapproxima-

tion to thespringmeshfor agiveninputcontrolvertex resolution.In otherwordswewould

likeourfitting methodto minimizetheerror of fit betweentheapproximatingB-splinesur-

faceandspringmesh.

Recall that the griddeddatasurfacefitting problemcanbe framedin the form of an
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over-determinedlinearsystemof equations(chapter4, section4.3.2). It is a well known

fact that for sucha systemthe leastsquaresapproximationminimizestheerrorof theso-

lution [Strang1986]. Therefore,we have chosena leastsquaresapproximationstrategy to

solve our surfacefitting problem.As such,this is a well studiedapproximationtechnique

andhasfoundusein avarietyof applicationdomains.For ageneraldiscussionof theleast

squaresapproachandits numericalnuancesseeLawson’sbookon thesubject[Lawson&

Hanson1974].

6.2 Leastsquaressurfacefitting

Leastsquarefitting to thespringmeshis accomplishedin two steps.

1. Assignparametervaluesto thespringpoints.

2. Performagriddeddatafit to thespringpoints.

Parametervalueassignmentis a trivial operationsincethe springmeshis a regular grid.

Valuesareassignedby steppinguniformly in parameterspaceaswe move from oneiso-

curveto thenext. Thegriddeddatafitting to springpointsnow proceedsin identicalfashion

to whatwasalreadyexplainedin chapter4 (i.e. equation4.4).

Therearetwo notablefactsaboutthis fitting procedure.First, accordingto our com-

putationthe error of the leastsquaresfit is not the cumulative closestdistanceof every

springpoint to the B-splinesurface. Instead,it is the cumulative distanceof eachspring

point to thatpoint on thefitted splinesurfacewhichhasthesameparametervaluei.e. it is

thecumulativeparametricdistanceof thespringpointsto thefitted B-splinesurface.The

mathematicalexpressionfor thiserrortermis:

� ¡.t�ukt��± 2�.{M~k�l� { û w � æ������h���ùw�Ú/{ � Û û x È æ������h���7w�Ú/{ � Û û x � x � (6.1)

We call this error the parametricdistanceerror. An intuition for theparametricdistance

errorfor thesimplercaseof acurve is providedby figure6.1

A moretraditionalmethodfor measuringtheerrorof fit is the closestdistanceerror.

Sincetheclosestdistanceof apointto asurfaceis measuredalongthenormalto thesurface
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thiserroris alsoknown asthenormaldistanceerror. It is givenby theexpression:

� £*¢fuf�lt��¯ 2�.{M~k�l� { û w � æ������k���ùw�Ú1{ � Û û x È ´��`¡.�·{K£�}`whæ������k����w�Ú/{ � Û û x6x � x � (6.2)

where ´��`¡.�·{K£�}
whæ������k���ùw�Ú/{ � Û û x is a function that returnsfor eachspringpoint, the closest

point from thatspringpoint to thesplinesurface.Thedifferencebetweenparametricand

normaldistanceerror is illustratedfor a onedimensionalcasein figure 6.1. It is worth

notingthatparametricdistanceerroris anupperboundon thenormaldistanceerror. Thus,

if wecanmakeourparametricerrorsmallenough,thenormalerrormustbesmaller.

P
P

P

u1

u2

u3
P
u4

P
u5

Spline surface iso−curve evaluated at each ui

:Normal error vector from spring mesh

:Error vector from spline surface

Parameterized spring mesh points

Figure 6.1. Parametricdistanceerror. The error of our fit is measuredasa sumof the
magnitudesof the parametricerror vectors(shown assolid arrows). An alternative error
metric is the normaldistanceerror metric. This is measuredasa sumof the magnitude
of vectorsfrom a springpoint to the closestpoint on the splinesurface(shown asdotted
arrows). Note that normaldistanceerrorcomputationcanbeexpensive sinceit requiresa
searchin parameterspacefor theclosestpointon thesplinesurfaceto thespringpoint.

A secondnotablepropertyof ourfitting procedure(thatarisesoutof thefirst one)is that

our leastsquaresfitting procedureminimizesthecumulativeparametricdistanceerroronly

for a givenparameterizationof thespringmesh. Whatthistranslatesto is thefactthatonce
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wefix aparameterizationof thespringpoints,ourfitting procedureminimizestheparamet-

ric distanceerror. However, it doesnotguaranteethatthereis nootherparameterizationof

thespringpointswhichcouldresultin a smallerparametricdistanceerror.

This fitting methodology(for fitting to regulargriddeddata)is usedwidely usedin the

literature[Forsey & Bartels1991].Wehave foundit to work satisfactorily in practice.It is

anefficientoperationandproducesB-splinesurfacesthatcloselyfollow boththegeometry

andtheparameterizationof theunderlyingspringmesh.

If onewantedto attemptasolutionthatdid indeedminimizethenormaldistanceerror,

onepossiblemethodcouldbeto refinetheparametervaluesof thespringpointsusingan

iterative strategy muchlike the onedescribedfor point clouds(figure4.2). The iteration

would alternatebetweenre-parameterizingour springpointsbasedon an intermediateB-

splinefit andre-fitting the B-splinesurfacebasedon the re-parameterizedspringpoints.

Notethatsincethespringmeshis a regulargrid andsincewe have chosento usegridded

datafitting, eachspringpointalonga Ú (or Û ) iso-curvemustbeassignedthesameÚ value

(or Û ) value. Thereforeaniterationthatre-assignsparametervaluesto springpointsmust

assignthesameiso-parametricvaluefor entireiso-curvesratherthanjust individualspring

points. In thecontext of our pipeline,any suchfitting strategy would have to addressthe

problemof following thefeaturecurves(andin generalpreservingtheparameterizationof

thespringmesh).

6.3 Results

In summary, we fit B-splinesurfacesdirectly to thespringmeshgeneratedby our parame-

terizationstrategy. Thisfitting methodhasthreemainadvantages.

â First, sincethespringmeshis a regulargrid, theleastsquaresfitting processis both

rapidandnumericallyrobustevenfor largespringmeshes.

â Second,sincethe springmeshaccuratelyre-samplesthe original polygonalpatch,

theB-splinesurfacesproducedby ourfitting procedureareof ahighquality.

â Third, becauseof the speedof the griddeddatafitting process,the usercanaskto
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(a) (b) (c) (d)

Figure 6.2. Thefigureshows threedifferentresolutionsof B-splinesurfacesthatapproximatetheArmadillo’s leg. (a)
shows thehighestresolutionspringmeshthat is the input to our griddeddatafitting step.(b), (c) and(d) show successively
finerresolutionsof B-splinesurfacesapproximatingthisspringmesh.TheB-splinesurfacein (b) has Æ � � Æ À controlvertices.
(c) has� À � ç Ù controlverticesand(d) has!#" � Æ Ù�Ù controlvertices.All theseapproximationstookunderasecondto compute
on a MIPS 250 Mhz R4400processor. The speedof griddeddatafitting makes it useful in a interactive setting. Note that
while the B-splinepatchin (d) improveson capturingfine geometricdetail comparedto (c), it doesso at the expenseof a
considerableincreasein control vertex density. This drasticincreasein the resolutionof the B-splinesurfaceis dueto the
underlyingsmoothnessof theB-splinebasisfunctionsratherthanany inefficiency in our fitting method.Notethatany other
smoothbasisfunctionsthatsharestheB-splinebasis’s smoothnesspropertieswill producesimilar results.In thenext chapter
wediscussamoreflexible methodfor representingfinesurfacedetailascomparedto adensesmoothsurface.

changetheresolutionof thefitted B-splinesurfaceandthesystemrespondsat inter-

active rateswith thefitted results.

Figure6.2 demonstratesthesethreeadvantagesof our griddeddatafitting procedurewith

anexample. As this exampleshows, we mayuseour B-splinesurfacefitting techniques

to captureboththecoarseandfinegeometryof theunderlyingpolygonalsurface(e.g.with

thesplinesurfaceshown in (d)). However, asdiscussedearlierwe representthefine detail

in our modelsasdisplacementmaps. In the next chapterwe explain how displacement

mapscanbecomputedfrom ourpolygonalmodels.



Chapter 7

Displacementmaps

Usingthetechniquesdescribedin previouschapters,it is possibleto capturetheentirege-

ometryof a polygonalmodel in the form of B-splinesurfaces. However, we chooseto

separatetherepresentationof coarsegeometryandfinesurfacedetail.Wefit ourpolygonal

modelswith a hybrid representationof B-splinesurfacepatchesandassociateddisplace-

mentmaps.Ourhybrid representationhasseveraldesirableproperties.

Thefinegeometricdetailin amodelis usuallyof little significanceduringthemodeling

andanimationof thecoarsegeometryof themodel.Ratherits principaluseis in enhancing

theappearanceof themodelat renderingtime. Furthermore,its presenceat themodeling

(or animation)stageof anapplicationmaydegradethetimeor memoryperformanceof an

interactivesystem.

For example,figure6.2(from thepreviouschapter)shows theexampleof threediffer-

ent resolutionsof B-splinesurfacethathave beenfit to a patchfrom theArmadillo’s leg.

TheB-splinesurfacepatchshown in figure6.2ccapturesjust the coarsegeometryof the

original polygonalpatchwhile theB-splinesurfaceshown in figure6.2dcapturesthefine

surfacedetail aswell. While the denserpatchimproveson capturingthe fine geometric

detail in theoriginal mesh,it doessoat theexpenseof a considerableincreasein control

vertex density. This makesit unwieldyto manipulateandexpensive to maintainwithin an

interactiveapplication.In general,adensesmoothsurfacerepresentationthatincludesfine

geometricdetail is of little usefor most interactive modelingor animationapplications.

However, it is desirableto retainthefinegeometricdetailin ouroriginaldatasothatit may

149
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beusedat renderingtime to enhancetheappearanceof themodel.

Comparedto a densesmoothsurface,our hybrid representationof smoothsurfaceand

displacementmapallowsauserto effectively separatecoarsegeometry(whichcanbeused

for interactive modelingandanimationapplications),from fine surfacedetail (which can

be usedto enhancesurfaceappearanceat renderingtime). Our proposedseparationof

geometryinto smoothsurfacesanddisplacementmapscanbeusedwith arbitrarysmooth

surfacerepresentations.

Furthermore,sinceour displacementmapsare essentiallyimages,they can be pro-

cessed,re-touched,compressed,andotherwisemanipulatedusingsimpleimageprocess-

ing tools. This is a flexible andintuitive paradigmfor manipulatingfine geometricdetail

comparedto thecumbersomeinterfaceofferedby a smoothsurfacerepresentationfor this

purpose.For example,to edit a bumpor a creaseon theArmadillo’s leg with a B-spline

surface,a userwould have to first identify thecontrol verticesthatcontrolledthatpartic-

ular bumpor creasethenmanipulateit by pulling andpushingcontrolverticesin 3-space.

In contrast,with a displacementmapimagetheusercanedit surfacedetailwith any stan-

dard2-D imagepaintingtool. We demonstratethis flexibility of our hybrid representation

throughseveralexamplesin section7.6.Someof theseeffectswereachievedusingAdobe

Photoshop,acommercialphotore-touchingprogram.

A variantof our approachto solving the inherentlimitations of smoothsurfacesfor

representingsurfacedetailmight be to usehierarchicalbasisfunctionssuchashierarchi-

cal splines[Forsey & Bartels1988] or wavelet basedsplines[Gortler & Cohen1995].

While thesebasesoffer a morecompactmeansof representingcomplex smoothsurfaces

thanuniform B-splines,the interfaceusedto manipulatesurfacedetail is cumbersomei.e.

themanipulationof control verticesin threespace.Therefore,while hierarchicalsmooth

surfacerepresentationsarereasonablealternativesto a B-splinesurfacerepresentationfor

representingcoarsegeometry, they suffer from many of thesamedisadvantagesthata uni-

form B-splinebasisdoesfor representingandmanipulatingfinegeometricdetail.Wechose

theB-splinebasisfunctionasourrepresentationfor coarsegeometryoverotherparametric

(including the above-mentionedhierarchical)representationsbecauseof its popularityin

theCAD andanimationindustries.

The remainderof this chapteris organizedas follows. We begin, in section7.1 by
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defininga generalmathematicalformulationof a displacementmap. Thenin section7.2

wediscusshow adisplacementmapiscomputedbasedonourinputdataandapproximating

B-splinesurface. We computeour displacementmapsasvectorfunctionsandstorethem

ascolor images.While vectordisplacementmapsareusefulfor a variety of operations,

someoperationssuchas(displacementimage)paintingaremore intuitive on gray-scale

images. In section7.3 we discusssomemethodsof extractinga gray-scaleimagefrom

our displacementmaps.For someapplicationsbumpmapsarepreferableto displacement

mapsfor representingcoarsegeometry. Thesearefunctionsthatchangetheappearanceof

asurfacewithoutchangingits geometry. In section7.4wediscusshow bumpmapscanbe

computedfrom our input data.Thenin section7.5 we explain onelimitation of our least

squaressurfacefitting strategy asit relatesto displacementmapcomputation.Finally, we

endthischapter(section7.6)with someresults.

7.1 Definitions

A displacementmaponasurfaceis a function,usuallydefinedon thedomainof definition

of thesurface,thatperturbsthepositionof eachpoint on thatsurface[Cook 1984]. Dis-

placementmapsarewidely usedat renderingtime to addgeometricallyinterestingdetail

to smoothsurfaces. They areavailable in several commercialrendererssuchasPixar’s

RendermansystemandSoftimage’sMentalRayrenderer.

A displacementmap can either be a scalar function or a vector function. In our

discussionswe useboth formulations. We use the following formulation for a vector

displacementmaponabivariateparametricsurfaceã ( ã%$^ÿ �'& ÿ ç ):
A vector displacementmap is a function ( $Vÿ&� & ÿ ç that, given an arbitrary point

w�ÚqÙ � Û0Ù�x in parameterspace,returnsa vectorperturbation(?w�Ú/Ù � Û0Ù�x (or displacement) of

thesurfacepoint s¥w�ÚqÙ � Û0Ù�x .
With this definition, the displacementmapped surface is given by new function
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ã±�.{M~k¡)$^ÿ �'& ÿ ç suchthat:

ã±�.{M~k¡7w�Ú � Û/xù�LãÕw�Ú � Ûqx��*(:w�Ú � Ûqx
for every w�Ú � Û/x in parameterspace.Notethatsincethereis no restrictionon thedirections

of thevectordisplacements,thesurfacereconstructedby avectordisplacementmapovera

planarsurfaceis notconstrainedto beaheightfield. It mayevenself-intersect.

Scalardisplacementmapsareusuallyinterpretedasbeingalongthesurfacenormal.A

scalardisplacementmapis a function ´+$ùÿ �,& ÿ that,givenanarbitrarypoint w�Ú/Ù � Û0Ù�x
in parameterspace,returnsa scalardisplacement´ºw�Ú/Ù � Û!Ù¾x of thesurfacepoint s�w�Ú/Ù � Û0Ù�x
alongthe normalto surfaceat w�ÚqÙ � Û!Ù�x . The displacementmappedsurface ã±�.{M~h¡ is given

by:

ã±�.{M~k¡7w�Ú � ÛqxD�8ãÕw�Ú � Ûqx��@´ºw�Ú � Ûqx.-/ w�Ú � Û/x
where -/ w�Ú � Ûqx representsthesurfacenormalat s¥w�Ú � Ûqx . In contrastto vectordisplacement

maps,scalardisplacementmapsover a planarsurfaceareconstrainedto beheightfields.

Thereforethe geometrythatcanbemodeledwith scalardisplacementmapsis inherently

limited.

In our system,the obvious displacementfunction relatespoints on the fitted spline

surfaceto pointson trianglesof the original polygonmesh. However, computingsucha

function(whetherscalaror vector)requirescomputingtheclosestpoint(or aperpendicular

projection)on theunparameterizedpolygonmeshfrom a point on thesplinesurface.This

isanexpensiveoperation.Furthermore,ourfitting procedureis premisedontheassumption

thatthespringmeshis afaithful representationof theoriginalpolygonmesh.Therefore,we

find it sufficient to definea displacementfunctionthat relatespointson thesplinesurface

to pointson theparameterizedspringmeshsurface.

7.2 Vector displacementmaps

Even given the simplificationof computingdisplacementmapsbasedon the parameter-

ized springmesh,computinga scalardisplacementmapsis errorprone. This is because

thecomputationinvolvesusinga perpendicularprojectionsfrom thesplinesurfaceto the
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springmesh.This computationcanfail catastrophicallyif thespringmeshcurvessharply

away from thesurface.Furthermore,a scalardisplacementmapby its very definitioncan-

not representa displacementmapthat is not a heightfield over the surface. Therefore,

if the displacementmapis not a heightfield, perpendicularprojectionwill alwaysresult

in an incorrectdisplacementmapi.e. onethat leadsto an incorrectreconstructionof the

surfacedetail. Figure7.1 explainsthe problemsassociatedwith straightforward perpen-

dicularprojection. We canavoid the problemswith perpendicularprojectionsimply by

definingdisplacementsasoffsetsto verticesof thespringmeshfrom correspondingpoints

on thesplinesurface.Recallthatthereis a naturalassociationof thespringmeshpointsto

parametervalues:thesearethesameparametervaluesthatwereusedfor thesurfacefitting

step.Notethat theoffset from a point on thesplinesurfaceto thecorrespondingpoint on

the springmeshis in generala vector. Computingonesuch(displacement)vectoroffset

for eachspringpointgivesusaregulargrid of displacementvectorsat theresolutionof the

springmesh.

We representeachof thesedisplacementvectorsin the local coordinateframeof the

splinesurfacei.e. we storethe displacementoffsetsrelative to theunderlyingsplinesur-

face.For applicationsthatmodify theunderlyingB-splinesurface(suchasanimation),this

choiceof coordinateframesallows the displacementsto move anddeformrelative to the

surface.In general,thisrepresentationis usefulfor any applicationthatstoresdisplacement

mapindependentof underlyingsurfacetopology(seefor examplefigure7.5).

Sinceour B-splinebasisfunctionsarecontinuouslydifferentiable(i.e.
¶ � ) so is our

underlyingfittedB-splinesurface.Therefore,alocalcoordinateframefor thesplinesurface

is easilycomputedby evaluatingat each w�Ú � Ûqx position,thetwo surfacepartials0 and 1
andthesurfacenormal

/
. This framevariesfor every point w�Ú � Ûqx in parameterspaceand

is givenby:

0:w�Ú � Ûqx��
2 ãÕw�Ú � Ûqx2 Ú

1;w�Ú � Û/xù�
2 ãÕw�Ú � Ûqx2 Û/ w�Ú � Û/xù�305461
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Spline surface iso−curve

Spring mesh iso−curve

(a)

(b)

Figure 7.1. Scalarandvectordisplacementmaps. (a) shows the computationof a scalar
displacementmapon aniso-curve of thesplinesurface.Thecomputationinvolvesperpen-
dicularprojectionfrom a setof pointson the splinesurfaceto thespringmesh.Note that
in general,this is a non-robust computation.For examplethe leftmostnormalvectorfrom
the splinesurfacedoesnot intersectthe springmeshsurface. More importantly, notethat
a reconstructionof thedisplacementmappedsplinesurfacebasedon thedisplacementvec-
torswill alwaysbe incorrect.Specifically, thereconstructionmissesthe“overhangs”from
thebumpin themiddleof thespringmesh.This occursbecausescalardisplacementmaps
cancorrectlyreconstructonly heightfieldsandthespringmeshshown is not a heightfield
over the splinesurface. (b) shows our computationof a vectordisplacementmapon the
samesetof iso-curves.Notethatthedisplacementvectorsareall well-definedandcorrectly
reconstructtheoriginalspringmesh.
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Giventhiscoordinateframe,the(vector)displacement( ata point r¥w�Ú � Ûqx is givenby:

( �4w7(  0²x80F�¹w7(  1Gx81 �¹w�(  / x / (7.1)

Fromanimplementationstandpointcareneedsto betakenwhenevaluatingthelocal frame

of referenceatsingularpointsof thesurface(e.g.whenall thecontrolverticesof abound-

ary curvearecoincident).We referthereaderto any standardbookonparametricsurfaces

for furtherdetailson therobustcomputationof surfacepartials(for exampleseethekiller-

B’s book[Bartelsetal. 1987]).

Sinceour vectordisplacements,ascomputed,area regulargrid of 3-vectors,they can

convenientlyberepresentedin theform of anrgb image.Ourdisplacementmap (?w�Ú � Û/x is

thereforegivenby areconstructionfrom thisregulargrid of displacementvectors.As such,

any standardimagereconstructionfilter sufficesfor this purpose.We have useda bilinear

filter reconstructionfor theexamplesshown in this thesis.

Note that the displacementmap as computedhere is essentiallya re-samplederror

function sinceit representsthe differenceof the positionsof the springpoints from the

splinesurface. In the terminologyof chapter6, our displacementmapis a reconstruction

of theparametricdistanceerrorfield.

Our imagerepresentationof displacementmapspermitstheuseof a varietyof image-

processingoperationssuchaspainting,compression,scalingandcompositingto manipu-

late fine surfacedetail. Figure7.4 andfigure7.3 explore theseandothergamesonecan

playwith displacementmaps.

7.3 Scalardisplacementmaps

While vectordisplacementmapsareuseful for a variety of operations,someoperations

suchas(displacementimage)paintingaremoreintuitiveon gray-scaleimages.Thereare

severalmethodsof arriving at a scalardisplacementimage. Onemethodto arrive at this

scalarimagemight be to computea normaloffset from the splinesurfaceto the spring

mesh. However, as discussedearlier, this methodis both expensive and proneto non-

robustnessin thepresenceof highcurvaturein thespringmesh(seefigure7.1).
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Insteadwe have usedtwo alternative formulations. The first computesandstoresat

eachsamplelocation(or pixel) the magnitudeof the correspondingvectordisplacement.

In this case,modifying thescalarimagescalestheassociatedvectordisplacementsalong

theirexistingdirections.A secondalternative,storesateachsamplelocationthecomponent

of thedisplacementvectornormalto thesplinesurface(i.e. (  / ). Modifying thescalar

imagetherforechangesonly the normalcomponentof the vectordisplacement.Eachof

theserepresentationsoffersa differentinteractionwith thedisplacementmap. Figure7.4

employsnormalcomponentediting.

7.4 Bump maps

A bumpmapis definedasafunctionthatperformsperturbationsonthedirectionof thesur-

facenormalbeforeusingit in lighting calculations[Blinn 1978]. In general,a bumpmap

is lessexpensive to renderthana displacementmapsinceit doesnot changethegeometry

(andocclusionproperties)within ascenebut insteadchangesonly theshading.Bumpmaps

canachievevisualeffectssimilar to displacementmapsexceptin situationswherethecues

providedby displacedgeometrybecomeevidentsuchasalongsilhouetteedges.We com-

putebumpmapsusingtechniquesvery similar to thoseusedfor computingdisplacement

maps:at eachsamplelocationinsteadof storingthedisplacementwe storethenormalto

thecorrespondingspringmeshpoint. Thusthebumpmapis simplyexpressedas:

/ ~h¡.�·{M£*}
w�Ú � Ûqx�� / ~k¡.uf{M£:9�w�Ú � Ûqx
As before

/ ~h¡�uk{M£;9 is storedin thelocalcoordinateframeof thesplinesurface.Sincethe

bumpmap,ascomputed,is alsoaregulargrid of 3-vectorsit canbestoredasanrgb image

aswell. Figures7.3d ande show a comparisonof a displacementmappedsplineanda

bumpmappedspline,bothof whicharebasedonthesameunderlyingspringmesh.Notice

how, differencesarevisibleatthesilhouetteedges.Anotherlimitation of bumpmapsis that

while they canfake fine surfacedetail fairly convincingly, it is muchharderto represent

coarsegeometrywith them.



CHAPTER7. DISPLACEMENTMAPS 157

Notethatanalternatemethodtoobtainthebumpmapis tocomputeit fromthedisplace-

mentmapimage.Theoriginalbumpmapformulationproposedby Blinn [Blinn 1978]de-

scribesthis approach.This is equivalentto our methodbecausethedisplacementmapped

splinesurfaceis just the springmesh. Thereforea bump mapthat is extractedfrom the

displacementmap would yield the sameresult as one that is extractedfrom our spring

mesh.

7.5 A limitation of least squaresfitting for displacement

map computation

Within our leastsquaresfitting processthe usercanchoosejust the resolutionof the ap-

proximatingB-splinesurface.Thefitting algorithmthenautomaticallydeterminesthe“best

possible”B-splineapproximationto thespringmesh,giventhat resolution.Thedisplace-

mentmapis automaticallycomputedasadifferenceof thespringmeshandsplinesurface.

Thisfitting strategy hascertainpotentialdrawbacks.Considerfor example,thesimple1-D

curveshown in figure7.2. Ourmethodresultsin thesolutiondepictedin figure7.2a.Note

thattheleastsquaressurfacepassesthroughthebumpsonthecurvei.e. thesmoothsurface

encodespartof whatappearsto befinegeometricdetail.As aresult,thedisplacementmap

itself encodeswhatappearsto bepartof thecoarsegeometryof thesurface. Figure7.2b

shows a moreintuitive result: thebumpson thespringmesharecompletelyoffsetasdis-

placementsabove the fitted curve. Our leastsquaressolutioncannotproducethe result

shown in 7.2b. Thereasonfor this is thata straightforwardleastsquaressolutiondoesnot

have themathematicalmachineryto discriminatebetweenfinedetailandcoarsegeometry.

Note that this is a limitation of the leastsquaresfitting processratherthana limitation of

ourhybridsurfacerepresentation.

A moredesirablealternative to leastsquaresfitting mightbeastrategy thatis basedon

a frequency domaindecompositionof thehighestresolutionspringmesh.Theseparation

of geometricdetailfrom coarsegeometrycouldbebasedonthisdecomposition.It is worth

noting that it is not straightforward to encodea usersintuition (or needs)for the separa-

tion of geometricdetail andcoarsegeometry. Therefore,any alternative fitting strategy



CHAPTER7. DISPLACEMENTMAPS 158

+

Spring mesh

Fitted B−spline surface

Displacement map

(a)

+
Alternative B−spline surface

Displacement map

(b)

Figure 7.2. A limitation of our surfacefitting strategy. (a) shows a springmeshiso-curve
andaleastsquaresfittedsplinesurfaceusingourfitting strategy. Noticethattheleastsquares
surfacespassesthroughthebumpson thespringmeshi.e. it encodesin thesmoothsurface
what intuitively appearsto be surfacedetail. The resultingdisplacementmap is shown
alongside.Notethatit encodespartof whatappearsto bethecoarsegeometryof thespring
mesh.(b) showsthesplinesurfaceanddisplacementmapthatausermightintuitively expect
to obtainfrom this springmesh.A fitting strategy thatencodesthis intuition aspartof the
surfacefitting processwouldbeadesirableextensionof ourapproach.
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shouldsupplytheuserwith toolsto efficiently differentiatefinesurfacedetail from coarse

geometry.

7.6 Results

To summarize:displacementmapsare computedas the (parametric)error betweenthe

splinesurfaceandspringmeshre-sampledinto a regulargrid. Displacementmapsprovide

ausefulmethodfor storingandmanipulatingfinesurfacedetailin theform of displacement

mapimages.Wehavefoundthatthis representationempowersusersto manipulategeome-

try usingtoolsoutsideourmodelingsystem.Thefollowing pagesshow severalgamesone

canplay with displacementmaps.Thesegamesdemonstratethe flexibility of our hybrid

representation.Most would have beendifficult (i.e. manuallyintensive) to duplicatewith

apuresmoothsurfacerepresentationsuchasaB-splinesurface.
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(a) (b) (c)

(d) (e)

(f) (g) (h)

Figure 7.3. (a) shows a patchfrom thebackof theArmadillo model.Thepatchhasover 25,000vertices.Weobtaineda
splinefit (in 30seconds)with a15x20controlmesh,shown in (b) andacorrespondingvectordisplacementmap.Thenormal
componentof the vectordisplacementmap, is displayedasa gray-scaleimagein (c). (d) and(e) show the corresponding
displacementandbumpmappedsplinesurface.Thedifferencesbetween(d) and(e) areevidentat thesilhouetteedges.The
secondandthird row of imagesshow a selectionof imageprocessinggameson thedisplacementmap. (f) shows jpeg com-
pressionof thedisplacementimageto afactorof 20and(g) representsascalingof thedisplacementimage,to enhancebumps.
(h) demonstratesa compositingoperation,wherean imagewith somewordswasalphacompositedwith the displacement
map.Theresultis anembossedeffect for thelettering.
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

Figure7.4. Thisfigureexploresthepossibilityof multi-resolutioneditingof geometryusingmultipledisplacementmap
images.All gray-scaledisplacementimagesin thisfigurerepresentthenormalcomponentof theircorrespondingdisplacement
maps.Displacementvaluesarescaledsuchthatawhite pixel representsthemaximumdisplacementandblack,theminimum
displacement.(a) shows a B-splinesurfacewith 24x30controlpointsthathasbeenfit to the leg patchfrom figure5.6. (c) is
its correspondingdisplacementimage. (b) shows a B-splinesurfacewith 12x14controlpointsthatwasalsofit to thesame
patch. Its displacementimageis shown in (d). Thecombinationof splineanddisplacementmapin bothcasesreconstructs
thesamesurface(i.e. thefinal springmeshshown in figure5.6e). This surfaceis shown in (f). We observe that (c) and(d)
encodedifferentfrequenciesin theoriginal mesh.For example(d) encodesa lot of thecoarsegeometryof the leg aspartof
thedisplacementimage(for exampletheknee),while (c) encodesonly thefine geometricdetail,suchasbumpsandcreases.
As such,the two imagesallow editingof geometryat differentscales.For example,onecanedit the geometryof the knee
usinga simplepaint programon (d). In this case,the resultingediteddisplacementmapis shown in (e) andthe resultof
applyingthis imageto thesplineof (b) givesusanarmorplatedkneethat is shown in (g). Operationssuchastheseleadus
to the issueof whethermultiple levels of displacementmapcanessentiallyprovide a imagefilter bankfor geometryi.e. an
alternative multi-resolutionsurfacerepresentationbasedon images.Notehowever thattheimagesfrom (c) and(d) areoffsets
from differentsurfacesandthedisplacementsarein differentdirections,sothey cannotbecombinedusingsimplearithmetic
operations.
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(a) (b) (c)

Figure 7.5. Transferringdisplacementmapsacrossobjects. (a) is a polygonalmodelof a wolf ’s head(under60,000
polygons).It wasfit with 54 splinepatchesin under4 minutes(on a 250Mhz MIPS R4400processor).Thesplinedmodel
is shown in (b). (c) shows a closeup view of a partially splinedresult,wherewe have mappedthedisplacementmapfrom
figure7.3(b)ontoeachof 4 splinepatchesaroundtheeyesof themodel.



Chapter 8

Inter patch continuity

Thusfar we have addressedthesamplingandfitting issuesconnectedwith a singlepolyg-

onal patch. Sinceour approximatingB-splinesurfacescanonly modelmanifold defor-

mationsof a four sidedplanarregion, polygonalmeshesof arbitrarytopologycannotin

generalbefit with justasinglepatch.Therefore,in oursystemtheuserspecifiesanetwork

of polygonalpatchesthat tile the surface. The techniquesof the preceedingchaptersare

thenusedto fit ourhybridsurfacerepresentationof B-splineanddisplacementmapto each

of thesepolygonalpatches.By virtue of thepropertiesof a cubicB-splinebasisfunction

individualB-splinesurfacesarecurvaturecontinuous(i.e.
¶ � ) in theinterior of thepatch.

Howeverwearenotguaranteedthispropertyat thesharedboundariesandcornersof multi-

plepatches.Wearethereforefacedwith theproblemof keepingourpatchesgeometrically

continuousat their sharedboundariesandcorners.If displacementmapsareused,it is de-

sirableto keepthedisplacementmappedsplinesurfacescontinuousaswell. Accordingly,

in this chapterwe divide our discussionof inter-patchcontinuity into two parts. First, in

section8.1, we examinethe continuity issuesfor B-splinesurfaces. In this regardswe

examinetwo widely usedcontinuitystandardsin industry: visual (or statistical)continu-

ity andmathematicalcontinuity(sections8.1.1and8.1.2respectively). Our surfacefitting

systemcanbeadaptedto eitherof theabove paradigms.Our focusin this thesishasbeen

on entertainment(i.e. animation)applications.In section8.1.3. we proposea continuity

solutionfor oursystemthatis suitedfor suchapplications.Then,in section8.2wepropose

amethodfor makingdisplacementmappedB-splinesurfacescontinuous.Finally, weshow

163
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somefittedandstitchedexamplesto demonstrateoursolutions.

8.1 Continuity of a network of B-splinesurfaces

In our systemthenumberandplacementof patchesareusercontrolledparameters.Since

theuseris not constrainedto placethepatchesin any fixedjuxtapositionwe cannotmake

simplifying assumptionsaboutpatchtopology. In particular, we cannotmake simplifying

assumptionsaboutthenumberof boundarycurvesthatmeetatapatchcorner.

It is interestingto notethatdespitethe fact thatB-splinesurfacesarethesurfacerep-

resentationof choice in the CAD and the animationindustriesvery little researchhas

addressedthe issueof achieving < Æ continuity over an arbitrary B-spline surfacenet-

work [Milro y et al. 1995]. A fair amountof researchin the parametricinterpolationlit-

erature[Lounsberyet al. 1992]hasbeendevotedto analyzingthenecessaryandsufficient

conditionsfor continuity of a numberof other (mathematicallymore compact)surface

formulations.ExamplesincluderectangularBezierpatches[DeRose1990],CatmullRom

patches[DeRose& Barsky 1988],triangularBezierpatches[Farin1982,Piper1987],com-

binationsof rectangularandtriangularBezierpatches[Shirman& Séquin1991],Gregory

patches[Shirman& Séquin1990],quinticHermitesurfaces[Moreton& Séquin1992],etc.

RecentlyEck et al [Eck & Hoppe1996]proposeda surfacesplineformulationwithin the

context of surfacefitting. In this casethe individual patchesin thenetwork werebicubic

Bezierpatches.

Unfortunately, noneof theabovereferencedmethodsaddresstheissueof how to satis-

factorilydealwith theadmittedlyharderproblemof obtainingcontinuitywithin a network

of B-splinesurfacepatches.To achieve thedesiredlevel of continuitybetweenoursurface

patches,we mustfirst examineapplicationspecificrequirementsfor continuity. Thereare

twomainkindsof inter-patchcontinuitythatarecommonlyusedin entertainmentandCAD

applications:statistical(or visualor numerical)continuityandparametric(or geometric)

continuity. We examineeachof thesein turn.
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8.1.1 Statistical continuity

The existenceof statisticalcontinuity betweentwo patchesimplies that the patchesare

continuousonly to theextentthatthepositionandnormaldeviationsof thesurfacesat their

sharedpatchboundariesmeetcertainuserspecifiedtolerances.Sincethis is not a precise

mathematicalnotionof continuity it is often referredto asstatisticalor visualcontinuity.

Figure8.1illustratesthenotionof statisticalcontinuityatapatchboundary.

n q1

P

Q
np1

np2

np3

np4

n q2

n q3

n q4

Figure 8.1. Visualcontinuity. Thefigureshows two patches§ and = with a sharedbound-
ary. Visual continuity is concernedwith a statisticalmeasureof what it meansfor two
patchesto becontinuousat a sharedboundary. Quantitiesthat aretypically comparedare
positionsandnormalsatasetof pointsonsharedboundarycurves.Onemeasureof tangen-
tial continuityof the two patchesshown hereis thedifferencebetweenthenormalvectors
alongthesharedboundary. If the tangentsalongtheboundarycurvesarecomparablethen
thenormalsto thesurfacealongtheboundarycurvesmustbecomparableaswell. A quan-
titative measureof tangentcontinuity is thereforegiven by:

À { ü Æ >@? ¡.{.A ?CB { > � The
lower this numberthemoretangentiallycontinuousthetwo surfaceswill beat their shared
boundaryfrom astatisticalperspective.

For many applicationsthiskind of continuityis adequate.Takeanexampleof thecon-

structionof the exterior of a car body. In this applicationcurvatureplots andreflection

lines [Farin 1990]arefrequentlyusedto verify the “quality” of surfaces.In this context,

even mathematicallycurvaturecontinuous(
¶ � ) surfacesmight be inadequate.Further-

more,workersin theautomotive industryoftenusetrimmedNURBSanddonot necessar-

ily matchknot lines at sharedpatchboundariesduring modelconstruction.Thereforeit
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is not alwayspossibleto enforcemathematicalcontinuityacrosspatchboundaries.There-

fore,oftenonly statisticalor visualcontinuitymakessensein thisapplication.In theCAD

industry, statisticalcontinuityis typically obtainedin oneof two ways:â Manually:by constructingtrimmedsurfacepatchesthatshareoverlappingregionsat

theirsharedboundaries.

â Throughan iterative numericaloptimizationprocess[Milro y et al. 1995,Bardis&

Vafiadou1992,Sinha& Seneviratne1993].

Recently, Milroy etal [Milro y etal. 1995]proposedastatisticalstitchingmethodto obtain

visually continuousB-splinesurfacepatches.While theresultsproducedwerebetterthan

thosepreviouslyreported,thetechniquesoutlinedwerecomputationallyexpensiveanddid

not producethe surfacesof a high enoughquality requiredof most CAD applications.

Obtainingstatisticalcontinuity algorithmically(whetherthroughnumericaloptimization

or otherwise)remainsanactiveareaof research.

8.1.2 Mathematical continuity

In contrastto statisticalcontinuity, geometriccontinuitybetweentwo surfacepatchesim-

plies that the patchesarecontinuousin a precise,mathematicalsense.For example
¶ Ù

continuitybetweentwo patchesmeansthatthepatchesare(mathematically)continuousin

surfacepositionat their sharedboundary.
¶ Æ continuity implies that thepatchesareboth

positioncontinuousandpossessa smoothlyvarying tangentfield at their sharedbound-

ary. In general
¶ £ continuity implies that the patcheshave a mathematicallycontinuous

� -th (parametric)derivative at their sharedboundary. A similar but lessstringentcon-

tinuity requirementthat is popularin the animationindustry is < Æ continuity. This is a

weaker form of the
¶ Æ requirement.It requiresonly the directionof the tangentfield to

bemathematicallycontinuousacrosspatchboundariesratherthantheactualtangentfield

(i.e. magnitudeanddirection).For moredetailson thesubjectof mathematicalcontinuity

wereferthereaderto any standardtext bookoncomputeraidedgeometricdesign(e.g.see

Farin’sbookon thesubject[Farin1990]).

A domainwherestatisticalcontinuityis not acceptableandmathematicalcontinuityis

preferredis theanimationindustry. Typically < Æ continuitysufficesfor mostapplications
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in this domain. To achieve this level of continuity, the numberof knotsat sharedpatch

boundariesareusuallyforcedto bethesame.This strategy hasseveraladvantagesfor the

applicationsin thisdomain:

â Control point deformationsareeasilypropagatedacrosspatchboundariesthat are

mathematicallycontinuous.

â Thereis minimaldistortionatboundariesin theprocessof texturemapping.

â The processof maintainingpatch continuity during an animationbecomeseas-

ier; continuity is either madepart of the model definition [Ostby 1986] or is re-

establishedona frameby framebasisusingastitchingpost-process.

The strategy alsohasits limitations. Sinceadjacentpatchesareconstrainedto have the

sameknot resolution,regionswith high surfacedetail thatshareboundarieswith regions

with relatively low surfacedetailmustbecarefullyconstructed.In particularcaremustbe

takento ensurethatthereis no lossof surfacedetailin thehighdetailregionandthatthere

is notanexcessivenumberof controlverticesbeingusedto representthelow detailregion

.

8.1.3 Our continuity solution

Our surfacefitting systemcan be adaptedto either of the above paradigms(i.e. either

statisticalor geometriccontinuity). It is worth noting that in our pipeline,sincewe are

fitting to thespringmeshgeometry, our B-splinesurfacepatchestypically have thesame

levelof continuity, atavisuallevel,asthecoarsegeometryof theunderlyingspringmeshes.

Thesespringmeshesin turn representa faithful re-samplingof theunderlyingpolygonal

mesh(for example,seefigure5.15a).Thereforeatavisuallevel,ourB-splinesurfacestend

to possessthesamelevel of continuityasthecoarsegeometryof theunderlyingpolygonal

mesh.

However, ourfocusin thisthesishasbeenonentertainment(i.e. animation)applications

andvisualcontinuity is not sufficient for many applicationsin theentertainmentindustry;

mathematicalcontinuity is preferred. Note that in the context of suchapplications,the

splinedmodelis usuallydeformedin thecourseof its usein theapplication.Therefore,our
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fitting processis merelya pre-processingstepto obtainan animateableB-splinemodel.

The original polygonalmeshandspringmeshesno longerhave a role in the subsequent

deformationsof the model. For thesesortsof applicationscontinuity solutionsshould

work at interactivespeeds(or shouldexist aspartof themodeldefinition)sincepotentially,

they mustbeappliedateveryframeof ananimation.As mentionedabove,theapplications

we arefocusingon typically requireat most < Æ mathematicalcontinuity. Basedon these

considerations,in oursystemmathematicalcontinuityis enforcedthroughastitchingpost-

process.

Specifically, we allow an animatorto specifythe level of continuity requiredat each

boundarycurve. Thetwo optionswehaveallowedare
¶ Ù and < Æ continuityatboundaries.

Our unconstrained,griddeddatafitting to eachpatchleavesuswith
¶   Æ (i.e. discontinu-

ous)B-splineboundaries.Weuseend-pointinterpolating,uniform,cubicB-splinesfor our

basisfunctions.

For thesesurfacesthe patchboundariesof B-splinesurfacesarecompletelyspecified

by just theboundarycontrolvertices[Barsky 1982].Therefore,to maintain
¶ Ù continuity:

â Adjacentpatchesareconstrainedto have thesamenumberof controlpointsalonga

sharedboundary.

â Thesharedboundarycontrolverticesaremadeto have thesamepositionsin space.

We ensurethesecondpropertyby averagingjust theboundarycontrolverticesof adjacent

patchesandmakingthesethenew setof boundarycontrolverticesof eachof thepatches.

Figure8.2ashowstwo adjacentpatchesandtheassociatedcontrolmeshfor eachpatch.In

thiscasetheboundarycontrolverticesareshown assolidcircles.

Similarly, the tangentfield at B-splinesurfacepatchboundariesarecompletelyspeci-

fiedby theboundarycontrolverticesandthetangentcontrol vertices. Thesearethevertices

onthecontrolmeshof theB-splinepatchthatareadjacentto theboundarycontrolvertices.

In figure8.2a,the tangentcontrol verticesareshown ashollow circlesfor two adjoining

patches.Thetangentfield for a B-splinesurfacepatchis identicalto thetangentfield for a

ruledsurfacebetweentwo curves,eachspecifiedby theboundarycontrolverticesandthe

tangentcontrolvertices[Barsky 1982]. Therefore,< Æ continuitycanbeobtainedby mod-

ifying theboundarycontrolverticessuchthateachrow of thetangentcontrolverticesand
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thesharedboundarycontrolverticesof thetwo patcheslie onastraightline, atequalspac-

ingsalongthatline. Weaccomplishthis by modifying thepositionof thesharedboundary

controlverticessuchthattheconditionis satisfied.Both theseoperationsareexplainedin

figure8.2a.

Q1

Q2

P1

P2

P3

P4

P5

(a) (b)

Figure 8.2. Geometriccontinuityat boundarycurvesandpatchcorners.(a) shows thecon-
trol verticesfor two adjacentpatchesthat determinecontinuity at patchboundaries.The
solid circlesarecalledboundarycontrolverticeswhile thehollow circlesarecalledtangent
controlvertices.(b) shows thecontrolverticesof a setof five patchesthatdeterminecon-
tinuity at a sharedpatchcorner. We call thesethe cornercontrol vertices. Note that the
solid circlesarealsoboundarycontrolvertices.Theinnercornercontrolvertex is shown as
a hollow circle. This is the only interior control vertex whosepositionis modifiedby our
continuitysolution.Seethetext for details.

Obtaining < Æ continuityat patchcornersposesa harderproblem. Tackling the prob-

lem for differentkinds of parametricsurfaceshasbeenthe subjectof muchwork in the

literature[Peters1990]. Figure8.2b shows a setof patchesthat sharea commonpatch

corner. The control points that affect the tangentfield at the patchcornerare indicated

in the figure. We call thesethe corner control points. For the kinds of basisfunctions

we use,the tangentfield at a patchcornerof a B-splinesurfaceis identical to the tan-

gentfield of a bi-linearsurfaceformedby the four cornercontrolverticesof theB-spline

patch[Barsky 1982]. Therefore,we canobtain < Æ continuityat a patchcorner, simply by
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forcing the4 cornercontrolpointsof eachof thepatchesmeetingat a patchcornerto the

sameplane.In practice,we choosethis planeto beanaverageof thethetangentplanesat

all the patchboundariesthat meetat that patchcorner. Note that this continuitysolution

potentially leavesour stitchedsurfaceslooking overly flat at patchcorners(sincecorner

control verticesat sharedcornersareprojectedto a plane). However in practicethis is

not an issuesincethesectionof theB-splinesurfacethat is controlledby the four corner

controlverticestendsto beaverysmallsurfaceelement[Barsky 1982].

To summarize:our continuity solution moves just the boundaryand cornercontrol

verticesto achieve theappropriatelevel of continuityover theentirenetwork of B-spline

patches.Note that the movementof thesecontrol verticescompromisesour surfacefit.

However, sinceour surfacefit merely recreatesthe coarsegeometryof the underlying

polygonalmeshfaithfully, our stitchedB-splinesurfacestendto retainthecontinuityand

smoothnesspropertiesof theunderlyingmodel’s coarsegeometry. In particular, it retains

this propertyboth at the boundariesof patchesas well as their interiors. Thereforein

practice,our stitchingsolutionresultsin a visually imperceptiblechangeto our B-spline

surfaces.

It is worthnotingthatanalternatemethodfor achieving
¶ Ù continuityof ourpatches,is

to enforcea setof boundaryconstraintsat theleastsquaresfitting step.If we wereableto

guessasetof commonboundaryverticesfor thetwoadjacentpatches,thiscouldbefeasible

alternative. Thestrategy couldbeextendedfor < Æ continuity if it wascombinedwith an

iterationthat alternatelyestablishedinter-patchcontinuityandre-fitted(with constraints)

to thespringmeshdata.However, we have chosennot to usethis strategy; we have found

thatourstrategy workssatisfactorily in practice.

8.2 Displacementmap continuity

For a network of B-splinepatches,thedisplacementmapcomputationis performedafter

the patchesarestitched. Therefore,for displacementmappedsplinescontinuity may be

definedon the basisof the reconstructionfilter usedfor the displacementmaps. Recall

that we generatethesefrom the spring meshesand that we usebilinear reconstruction

to displaythem. DisplacementmappedB-splinesurfaceswill thereforeexactly recreate
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the springmesh. Note that adjacentpatchescanbe at mostpositioncontinuouswith a

bilinear reconstructionfilter. Therefore,if thespringresolutionsarethesameat a shared

boundaryof two patches,they will becontinuousby virtueof thereconstruction.However,

springmeshresolutionscandiffer acrosssharedboundaries.Thiscanresultin T-joint type

discontinuitiesin adisplacementmappedB-splinesurface.Theproblemis trivially solved

by averagingthe boundaryrows of displacementmapimagesof adjacentpatches.This

ensuresthatthereis nocrackingat thedisplacementmappedpatchboundaries.
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(a) (b)

(c)

Figure 8.3. (a.) shows a split view of theArmadillo. TheB-splinesurfacesareshown smoothshadedon the left with
the polygonmeshon the right. A few interestingdisplacementmapsareshown alongsidetheir correspondingpatches.(b)
shows a split view of thedisplacementmappedsplinepatcheson the left with thepolygonmeshon theright. Note that the
fingersandtoesof themodelwerenotpatched.This is becauseinsufficientdatawasacquiredin thecrevicesof thoseregions.
This canbeeasilyremediedby usingextra scansor by usingtheholefilling techniquesproposedin recentrangeintegration
techniques.Thetotal numberof patcheson theArmadillo were104(only the left half have beenshown here).Thegridding
stagetook 8 minutesandthe griddedfitting with 8x8 controlmeshesper patch,took under10 secondsfor the entiresetof
104patches.All timingsareona250MHz MIPSR4400processor. (c) shows thestitchedB-splinesurfacesthatwerecreated
from theBofar model.Theiso-curvesof thefitted B-splinesurfacehave beenover-laid on thesurface.



Chapter 9

Conclusion

In this thesis,wehavepresentedtechniquesfor fitting acombinationof smoothparametric

surfacesanddisplacementmapsto dense,irregular polygonmeshes.The algorithmswe

have proposedarerobust,efficient andproduceresultsthatretainthefine geometricdetail

of theoriginal polygonalmeshes.Usingthesetechniques,usershave createdsomeof the

mostcomplex andhigh fidelity smoothsurfacemodelsever createdfrom scanneddata.A

selectionof thesemodelswereusedto demonstratethetechniquesof this thesis.

A lot of exciting researchhasbeenconductedin thefield of surfaceapproximationover

thelastseveraldecades[Franke& Schumaker1986,Schumaker1979].Unfortunately, this

researchhasfocusedmainlyonsurfacefitting eitherto scatteredpointclouddataor to topo-

logically simpledata(e.g. heightfields). While thesetechniquesarewidely applicablein

a varietyof problemdomains,in thecontext of surfaceapproximationto densepolygonal

meshesof arbitrarytopologythey areeithernot applicable,inefficient or non robust (see

chapter2). A major reasonfor the shortcomingsin relatedprior efforts is that they have

tendedto ignoretheconnectivity informationpresentin densepolygonalmeshesduringthe

surfaceapproximationprocess.We have usedthis additionalconnectivity informationat

variousstagesof our surfaceapproximationprocessto developalgorithmsthataresignif-

icantly morerobustandefficient thanany prior efforts. In this chapterwe summarizethe

principalcontributionsof this thesis(in section9.1) andthendiscusssomeexciting areas

for futurework (in section9.2).

173
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9.1 A summary of our principal contributions

9.1.1 Flexible surfacecurveediting tools

An importantcomponentof oursurfacefitting systemis theuserspecificationof boundary

andfeaturecurves. For mostapplicationsthis is a non-automatablepart of the creative

process.As such,providing intuitive andefficient curve specificationandmanipulation

tools is an importantcomponentof the surfacefitting process.Providing suchtools is a

challengingtaskgiventhesizeof our datasetandthefactthatusermight wantto specify

complex boundarycurves.

We motivatedthe useof surfacecurvesfor our applicationratherthanunconstrained

spacecurves(suchas3-D B-splinecurves). Surfacecurvesoffer a numberof advantages

for ourapplication.Principalamongtheseis thatcomparedto spacecurves,surfacecurves

offer abetterintuition for thepreciseplacementof acurvewith respectto thesurface.

Prior work on surfacecurveshasfocussedexclusively on formulationsfor curveson

smoothsurfacerepresentations.In this thesiswe have presenteda flexible formulationfor

surfacecurveson dense,unparameterizedpolygonalmeshes:the surfacesnake formula-

tion. Surfacesnakesarediscretizedcontrolled-continuitysplinesthat areconstrainedto

thepolygonalsurface.Our implementationis basedonacoarse-to-finecomputationof the

energy measuresof a surfacesnake. We showedthatour implementationhasan impulse

complexity (i.e. the time takenfor a changeat oneendof snake to propagateto theother

end)of ��wh¬j�®2°Ã¬²x in thenumberof face-pointsin thecurve. Comparedto this, a static

implementationof surfacesnakeswouldhaveanimpulsecomplexity of ��w¬ � x .
Usingthesurfacesnakeformulationwedevelopedanefficientandintuitiveinterfacefor

manipulatingcurveson densepolygonmeshes.We alsodemonstratedthe useof surface

propertiessuchasvertex color to assistin the curve paintingandediting process.Such

operationswouldnothavebeenpossibleto duplicateusingjust spacecurvebasedediting.

9.1.2 Parameterizationsof polygonalpatches

An importantcomponentof any (parametric)surfacefitting algorithmis theparameteriza-

tion of the dataset. A high quality parameterizationis crucial for obtaininghigh fidelity
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surfaceapproximations.In this thesiswe have developeda robust, automatedandcus-

tomizableparameterizationalgorithmthat is well suitedfor usein an interactive system.

Our algorithmis basedon a coarse-to-finerelaxationstrategy that generatesa minimum

distortionsurfacegrid called the springmesh. The coarse-to-finenatureof our strategy

allows a userto incrementallypreview even large patchconfigurations.This is a useful

propertyfor an interactive system.In particular, it provesinvaluablewhenmodelerswish

to experimentwith differentpatchconfigurationsfor thesamemodel.

We havesuppliedanimplementationof ourparameterizationstrategy thaton theaver-

ageworks in ��wh¬B�®2°±¬²x time in thesizeof a polygonalpatch.In theorythis implemen-

tationcanbeimprovedto work in ��wh¬²x time simplyby substitutinga lineartime shortest

path algorithm into our initialization step1. The only other automatedparameterization

schemeto datethatworkson polygonalmeshesrunsin ��wh¬ � x time [Eck & Hoppe1996]

andproducesno incrementalresults.As suchthis algorithmis not a viablealternative for

usein aninteractivesetting.Otherapproachesto theparameterizationproblemhavelacked

theefficiency or robustness(or both)requiredto successfullyparameterizedensepolygonal

datasets.

A uniquefeatureof ourparameterizationalgorithmis its customizability. In oursystem

a usercanspecifya numberof constraintsto the parameterizationin the form of feature

curvesandthe algorithmautomatically“fills in” the restof the parameterizationi.e. the

springmeshsmoothlyinterpolatesfeaturecurves. Typically, a userspecifiesjust those

featurecurvesthat areimportantto a parameterization.However, in theorythe usercan

specifyanarbitrarynumberof featurecurvesandasa resultpatchparameterizationscan

bemadearbitrarilycomplex.

It is worthnotingthatoursurfacefitting strategy solvesseparatelyfor patchparameter-

izationandfor patchgeometry. In our applicationthegeometryis alwaysfixedto bethat

of thepolygonalmesh.However, theparameterizationof thepatchcanbearbitrary. The

1Our algorithm’s time complexity is dominatedby the initialization phasethat involvesthecomputation
of shortestpathson thegraphrepresentedby a polygonalpatch.We useDijkstra’s algorithmwhich runsinDFE�GIHKJ:LMGON

time. Sincepolygonalmeshesareactuallyplanargraphsthey possessa simplerstructurethan
arbitrarygraphs.As sucha lineartimealgorithmexiststo performtheshortestpatchcomputationfor planar
graphs.If we wereto usethis algorithmour total parameterizationcostwould be

DFE�GPN
. We havenot heard

of reportsof a practicalimplementationof thisalgorithmandDijkstra’salgorithmhasperformedadequately
in aninteractivesetting.
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fidelity of thespringmeshto theoriginal polygonalgeometryis maintainedregardlessof

theparticularparameterizationof thedata.

9.1.3 Hybrid surfaceapproximation

We fit a hybrid of B-splinesurfacesanddisplacementmapsto our springmeshes.TheB-

splinesurfacesrepresentthecoarsegeometryof thedatawhile displacementmapscapture

thefinesurfacedetail.Sinceourspringmeshesarequalitatively indistinguishablefrom the

original polygonalmeshdata,our resultsreproducewith high fidelity thegeometryof the

originalpolygonmesh.

Thetradeoff betweenexplicitly representedgeometryanddisplacementmappeddetail

is left to the user. This is enabledin part by the speedof our surfacefitting algorithms.

Specifically, we usegriddeddatafitting on the spring meshes. This algorithm runs in

��w Î ¬Wå � x time2 where ¬ is thesizeof a polygonalpatchand å theaveragenumberof

control verticeson a sideof the approximatingB-splinesurface(for purposesof gridded

datafitting, the springmeshparameterizationmay be considereda pre-processingstep).

Comparedto thespeedof griddeddatafitting, anon-linearfitting strategy thatapproximates

themeshverticeshasacomplexity of ��wh¬Vå À x periterativestep.

Ourhybridsurfacerepresentationoffersaflexible interfaceto storeandmanipulatethe

geometryof themodel.Wedemonstratedthisflexibility with surfaceeditingoperationsthat

aretrivially accomplishedwith ourhybridrepresentationandyetwouldhavebeendifficult

to replicatewith apurelysmoothsurfacerepresentation.In general,wehavefoundthatour

hybrid surfacerepresentationempowersusersto manipulategeometryusingtoolsoutside

ourmodelingsystem.

9.1.4 End-to-endsurfacefitting system

We have presentedin this thesisa practical,end-to-endinteractive surfacefitting system

thatcreatessmoothsurfaces(anddisplacementmaps)from densepolygonalmeshes.The

2Assumingthepatchis notoverly distortedwith respectto aspectratio.
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outputproducedby our systemis in a usableform for mostanimationanddesignappli-

cations.Usingthis systemusershave createdsomeof themostcomplex andhigh fidelity

smoothsurfacemodelsever createdfrom scanneddata.Prior surfacefitting systemshave

lackedin or moreof thecharacteristicsof oursystemmakingthemaninfeasiblealternative

for fitting to densemeshes.

9.2 Futur ework

Our systemhasseverallimitations. In this sectionwe discussdirectionsfor improving the

variouscomponentsandalgorithmsof oursystemaswell assomeexciting areasfor future

research.

9.2.1 Impr ovementsto surfacecurveediting

From the experienceof usersof our surfacefitting systemwe have found that the pre-

cisepositioningof boundarycurvesandfeaturecurvesis an importantcomponentof the

smoothsurfacecreationprocess.Mostof theusertime is spentfine tuningthepositionsof

featurecurvesandboundarycurves.Furthermore,sinceourparameterizationandfitting al-

gorithmsarerapid,oncetheboundarycurveshavebeenspecifiedcreatingthespringmesh

andapproximatingB-splinesandassociateddisplacementmapstakesjust a few minutes

evenfor largeandcomplex models.Sincetheuserspendsthemosttimepositioningbound-

aryandfeaturecurves,toolsthatfurtherassistin thecurveeditingprocessareaworthwhile

areafor future research.Our surfacesnake basedtoolswerea first stepin this direction.

Wehave listedbelow severalavenueswhereour formulationcanbefurtherimproved.

â Formulatinga lineartimeimpulsepropagationalgorithmto makesurfacesnakeedit-

ing moreefficient.

â Creatingmoresophisticatedsurfacesnake editingtools. Oneexampleis a tool that

allows intuitive manipulationof tangentvectorsat arbitrarypointsalonga surface

snake.



CHAPTER9. CONCLUSION 178

â Allowing for the useof templatedsurfacecurvesthat canbe usedacrossmultiple

models.

9.2.2 Impr ovementsto parameterization and fitting

Becauseour parameterizationstrategy relieson surfacewalking strategiesandmeshcon-

nectivity to resamplepolygonalpatches,it breaksdown in the presenceof holesin the

polygonmesh.However, new rangeimageintegrationtechniquesincludemethodsfor fill-

ing holes.

Anotherlimitation is thatB-splinesurfacepatches,our choiceto representcoarsege-

ometry, performpoorly for very complex surfacessuchasdrapedcloth. B-splineshave

otherdisadvantagesaswell, suchasthe inability to modeltriangularpatcheswithout ex-

cessiveparametricdistortion.Despitetheselimitations,B-splines(andNURBSin general)

arewidely usedin themodelingindustry. This hasbeenour motivationfor choosingthis

overotherrepresentations.

A limitation of our surfacefitting solutionin thecontext of displacementmapcompu-

tationwasdiscussedin chapter7 (section7.5). This limitation arisesfrom the fact thata

leastsquaresfitting strategy doesnot have the mathematicalmachineryto allow the user

fine control over the extent of geometryrepresentedin the displacementmap. Note that

this is a limitation of theleastsquaresfitting processratherthana limitation of our hybrid

surfacerepresentation.Also notethatany automatedfitting procedurewould have similar

limitations.

Therearea numberof fruitful directionsfor further improving our parameterization

andsurfacefitting processes.Straightforwardextensionsinclude:

â Improving robustnessin thepresenceof holesin themesh.

â Adding theability to createtriangularparameterizationsandpatches.

â Creatingadaptivespringgridsfor samplingdecimatedmeshes.

â Adding toolsfor fitting to theoriginalmeshvertices.

â Allowing variableknotdensityin ourB-splinesurfaces.
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â Removing therestrictionof featurecurvesbeingiso-curvesof aparameterization.

â Using alternative smoothsurface representationssuch as hierarchicalsplinesor

wavelets.

â Implementingalternative(statisticalor mathematical)continuitysolutions.

9.2.3 Openproblems

Displacementmapshave long beenusedto creategeometricaldetail from 2-D images.In

this thesiswehavedemonstratedtechniquesthatenabletheinverseof thisprocessi.e. that

enablethe creationof 2-D imagesfrom geometricaldetail. Thus, usingour techniques

userscaneasilyswitch between2-D and3-D representationsof geometry. This ability

in turn opensup possibilitiesfor novel modelingandeditingparadigms.For example,in

figure 7.4 we demonstratedhow multiple resolutionsof displacementmapimagescould

beusedto trivially effecta complex changein 3-D geometry. This sameeditingoperation

wouldhavebeensignificantlymorecumbersomeif justconventional3-D editingtoolshad

beenused.Creatinga framework for editingparadigmsthatusehybrid representationsof

imagesandgeometryposesseveralchallenges(e.g. seefigure7.4)andoffersa varietyof

fruitful avenuesfor futureresearch.

In the context of displacementmapcomputation,an interestingextensionof our sur-

facefitting strategy would be that of automaticallydeterminingthe separationof coarse

geometryandgeometricdetail,perhapsbasedon the frequency domaincharacteristicsof

thedata.A relatedideais thatof providing theuserwith efficient toolsto preciselycontrol

the extent of geometryto be representedin the displacementmapvs the smoothsurface

(alsoseechapter7, section7.5).

A naturalapplicationof the parameterizationportion of our systemis the interactive

texture mappingandtexture placement[Pedersen1996] for complex polygonalmodels.

Relatedto this idea and to the oneson displacementmappingabove, is the possibility

of applyingproceduraltexture analysis/synthesistechniques[Heeger & Bergen1995] to

createsyntheticdisplacementmapsfrom real ones.Usingour techniquessuchmapscan

beappliedto objectsof arbitrarytopology.
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Anotherinterestingavenuefor futureresearchis thatof creatinganapproximatingsur-

facefor theentiremodelbasedon just a small collectionof userspecifiedsurfacecurves

(i.e. the curves do not have to createa patchnetwork). Suchan approximatingtech-

niquecouldbeusefulfor thoseapplicationswherespecifyingtheentirenetwork of smooth

surfaceboundarycurvesis not crucial,rathertheonly requirementis thatthesurfacecon-

form to asmallsetof potentiallydisconnectedfeaturecurves.Techniquesin thefree-form

designliteraturehave attemptedsuchtechniquesbut only for very small datasets. Our

featuredrive parameterizationalgorithmsmaybethoughtof asa finite differencesolution

to avariationalparameterizationproblemrestrictedto a densepolygonalpatch.Extending

theseapproachesto work with dense,arbitrarytopologypolygonmeshesis still anexciting

openproblem.



Appendix A

Face-pointmotion

Recallthatbothoursurfacecurveandspringmeshrepresentationsconsistof asetof face-

pointsthatareconstrainedto lie onthesurfaceof thepolygonalmesh.An operationweuse

oftenon individual face-pointsduringoureditingandrelaxationoperationsis oneof mov-

ing face-pointsto new locationson thesurfaceaccordingto editingor relaxationcriteria.

Wecall theprocedurethataccomplishesthisMovePointOnSurface. FigureA.1 explainsthe

procedure.Notethattherearealternativewaysof implementingthisprocedureonpolygo-

= vvtP

(a)

(b) (c)

vt
P

vt
P

tangent

v

Figure A.1. (a) shows view of a face-pointbeingpulledover thesurface.Thepoint moves
alongthepolygonalsurfaceuntil it eithermeetsanedgeor avertex. (b) and(c) show thetwo
casesthatarisewhenP moves: it eitherintersectsanedgeor it intersectsa vertex. In either
case,we determinetheappropriatetriangleto move into usinga meshadjacency structure
(e.g.awinged-edgerepresentation).
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nalsurfaces.For example,Turk [Turk 1992]describesaschemewherepointsfirst leavethe

surfaceandarethenre-projectedbackonto thesurface. However, notethat re-projection

operationscanexhibit non-robustbehaviour in high curvatureregionsof thesurface.Our

schemeavoids this non-robustnesssinceour face-pointsnever actuallyleave the surface,

ratherthey simplyslidealongit.
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Béziersurfaces,ComputerAidedGeometricDesign7(1-4):165–180.

DeRose,T. D. & Barsky, B. A. [1988]. Geometriccontinuity, shapeparameters,andgeo-

metricconstructionsfor catmull-romsplines,ACM TransactionsonGraphics7(1): 1–

41.

Dierckx,P. [1993]. CurveandSurfaceFitting with Splines, Oxford SciencePublications,

New York.
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